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Abstract 

The presented research for methane/steam reforming process attempted to provide the 

comprehensive description of the methane/steam reforming process dedicated for Solid Oxide 

Fuel Cell (SOFC). Despite the fact that methane/steam reforming is currently one of the most 

popular industrial methods for hydrogen production, the kinetic of the reaction have not been 

fully described and the derived empirical models of the process are significantly divergent 

among themselves. In the classical approach to the mathematical modelling, the quality of the 

model of the physical phenomena is decreased because of the uncertainties derived from the 

model simplifications and uncertainties of the experimental measurements. The conducted 

research proposes the experimental and numerical analyses of the methane/steam reforming 

process using the Generalized Orthogonal Least Squares (GLS) method. The GLS algorithm 

is applicable for finding the most probable approximation of the unknown parameters, which 

define the reliability of the derived reforming reaction rate and provides a criteria for the 

objective quantifications of the mathematical models describing the physical process.  

In the scope of thesis the following topics were concerned and discussed: the theoretical basis 

of the methane/steam reforming process, mathematical deliberation of the GLS method and 

the potential benefits of its incorporation into the determination of the kinetic of the highly 

nonlinear chemical process and the classical methods of deriving methane/steam reforming 

kinetic. The experimental studies, conducted as part of this dissertation were used as a basis 

for the a novel approach to evaluate the reaction kinetics of the methane/steam reforming 

process by adopting an Orthogonal Least Squares method. The GLS method was applied to 

the calculation of the empirical parameters defining kinetic of reaction on a Ni/YSZ SOFC 

anode cermet catalyst. A critical comparison of the obtained results with the literature data 

and discussion on the possible reasons for the essential discrepancies between various studies 

are presented. The GLS method has the potential to provide objective criteria for the formal 

evaluation and falsification of different mathematical models of the methane/steam reforming 

process. These studies particularly focused on the importance of the mathematical expressions 

of the physical phenomena occurring in the chemical reforming system. The analysis was 

conducted in the light of improving the precise quantification of uncertainties found in the 

evaluation of the chemical reaction process and providing a reliable reaction rate equation. 
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Nomenclature 

For mathematical expression deriving reaction kinetics 

 
A Pre-exponential factor,  mol g-1 s-1 Pa-(a+b) 

a Reaction order coefficient on the partial pressure of CH4, - 

b Reaction order coefficient on the partial pressure of H2O, - 

E Activation energy, J mol-1 

e- Electron 

Fi Molar flow rate of the chemical i-th component, mol s-1 

Fi_v Volumetric flow rate of the chemical i-th component, m3 s-1 

fA Fractional conversion of substance A, - 

GHSV Gas Hourly Space Velocity, h-1 

∆G Change in Gibbs free energy, J mol-1 

∆H0 Standard enthalpy of reaction, J mol-1 

Kreaction Equilibrium constant for chemical reaction, - 

K+
reaction

 Forward rate constant for chemical reaction, - 

K-
reaction

 Backward rate constant for chemical reaction, - 

k Reaction constant, mol g-1 s-1 Pa-(a+b)  

mi  Molar fraction of chemical component i, - 

NC Nitrogen-to-Carbon ratio, - 

n Number of measurement points, - 

P Pressure, Pa 

∆P Difference in pressure between inlet and outlet, Pa 

pi Partial pressure of the chemical component i, Pa 

R Universal gas constant,  8.3144621 J mol-1 K-1 

Rst Reaction rate, mol s-1 

r Reaction rate, mol s-1 g-1 

SC Steam-to-Carbon ratio, - 

T Temperature,  oC or K 
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Vgas  Gas velocity, mm3 h-1 

Vcat 
Volume of the catalyst layer, mm3 

wcat Catalyst weight,  g 

x Conversion rate of Methane Steam Reforming Reaction, - 

y Conversion rate of Water Gas Shift Reaction, - 

αline Arrhenius line coefficient, - 

βline Arrhenius line coefficient, - 

  

Superscripts 

i Inlet 

o Outlet 

* Active site of the catalyst 

 

Subscripts 

 

ad Adsorption reaction 

CH4 Methane 

CO Carbon Oxide 

CO2 Carbon Dioxide 

H2 Hydrogen 

H2O Water 

sh Shift reaction 

st Steam reforming reaction 

 

 

 

 

For mathematical derivation of LS and GLS Methods 

 
A J×K Jacobi’s matrixes of measurements  

AB J×(K+N) Jacobi’s matrixes of variables 

B J×N Jacobi’s matrixes of unknowns 

CB A-priori covariance matrix for all variables; rank 

(K+N)×(K+N) 

CS A-priori covariance matrix with the variances of measurements 
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  σ k
2  on the diagonal and 0 on the other positions; rank K×K 

CSX A-priori covariance matrix with the variances of unknowns σ n
2  

on the diagonal and 0 on the other positions; rank N×N 

CU A-posteriori covariance matrix for measurements rank K×K 

CX A-posteriori covariance matrix for unknowns rank N×N 

CVB A-posteriori covariance matrix for variables rank 

(K+N)×(K+N) 

F Auxiliary variable 

G Auxiliary variable 

fj j-th equation in the constraint equation set 

I Unit matrix 

J Number of constraint equations 

k J-elements vector of Lagrange multipliers vector 

K Number of measurements 

L Lagrange function 

N Number of unknowns 

S Auxiliary variable 

sk, sn Error characterizing k-th measurement and n-th unknown 

u K-elements vector of measurements  

uk k-th measurement 

u* K-elements vector of real values of the quantities to be 

measured  

uk
* k-th quantity to be measured 

w J-elements vector of residuals of equations 

wi Residual of j-th constraint equation 

VK+N Volume of the covariance hyperellipsoid 

VB (K+N)-elements vector of measurements 

v K-elements vector of correction for measurement u 

vk, Correction to k-th measurement uk 

x N-elements vector of approximations of unknowns 

xn Approximation of n-th unknown 

x* N-elements vector of unknowns (quantities to be solved by 

numerical computation) 



 

x 

xn
* n-th unknown  (quantity to be solved by numerical 

computation) 

y N-elements vector of correction for unknowns x 

yn Correction to n-th unknown xn 

Γ Euler’s gamma function 

  σ k
2
,  σ n

2  Variance of k-th measurement and n-th unknown 

ϕ Function to be minimized in the co-ordination algorithm 

  

Superscripts 

T Transposed matrix 
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1 Introduction 

1.1 Introduction to syngas production 
 

In the twentieth century fossil fuels played extremely significant role, being the driving force 

for the development and stimulation global economies. Oil, of which the first commercial 

extraction is dated to 1859, rapidly dominated the transportation energy market and the 

chemical industry, becoming the supplier of raw material for the majority of the organic 

chemicals produced. The rapid development of the world economy with the leading growth in 

the Asian markets increased the global demand for accessible and cheap energy sources. This 

trend is especially immediate in the context of the depletion of extractable oil reserves. 

Moreover, the fact that the geographical location of 40% of the world's oil reserves lies in 

politically unstable regions of the Middle East is of concern for assuring the security of fuel 

supply. The big “oil shocks” caused by the Suez Crisis (1956), the OPEC oil embargo related 

to the Arab-Israeli war (1973), the Iranian Revolution and overthrow of the Shah (1979), the 

Gulf War (1991) and the oil price spike (2008) arise questions about the future of oil in the 

energy market. 

 

Therefore, the significance of alternate fuels and emerging technologies providing novel 

solutions for increasing energy demand is one of the most urgent issues of modern society. 

One of the proposed fuels supplementary to oil is natural gas, with world wide reserves 

estimated at 187.1 trillion m3 (2014) [1]. Therefore, to promote and economize its applications, 

proper pathways to enable transportation and fluent incorporation to energy systems are 

necessary. 

 

1.1.1 Syngas production methodology 

 

The chemical conversion of methane and higher hydrocarbons, which are most primal 

components in natural gas, to synthesis gas containing H2, CO and CO2 are: steam reforming, 

dry reforming and partial oxidation. The general ideas, assumptions and applications of those 
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processes will be introduced in the present section. There is also syngas productions 

considered from the gasification of biomass and coal lately. However, it will not be explained 

in this thesis, because it is not the major concern. 

 

1.1.1.1 Steam reforming reaction 

 

The steam reforming process used for hydrocarbon fuel is the most popular process adopted 

for syngas production. It is widely used in the industrial applications and is considered to be 

the largest source of produced hydrogen and synthesis gas (syngas) [2]. The steam reforming 

process can dedicate to other productions process of ammonia and methanol [3]. It is the gas-

phase conversion of energy carrier, of which the predominant chemical composition is 

described by CxHyOz according to the formula provided in the following [4]: 

 

 
  
CxHyOz + x − z( )H2O→ xCO+ x − z + y

2
⎛
⎝⎜

⎞
⎠⎟

H2  (1.1) 

 

The mixture of the product from the reaction is known as reformate. The reaction is 

endothermic and requires a supply of heat for maintaining the reforming process [4]. 

 

This methodology is used for the syngas production from various type of fuel, for example, 

methane [5], heavy hydrocarbon fuels such as ethane [6–10], propane [7,8,11–13] and butane 

[6,8,14,15] and etc. The syngas production from hydrocarbon is essentially important since 

the syngas is subsequently devoted to the basis of numerous chemical products and their 

industrial values are extensively remarkable [8]. The steam reforming of heavy hydrocarbon 

fuels in the production does not exist by itself and it can co-exist with numerous reaction 

mechanisms, dry reforming, oxidative reforming mechanisms. This is due to complex reaction 

steps. Thus, the development of an active catalyst to assist the reaction path and thus the 

process is primarily essential issue due to the occurrence of reaction hazards and catalytic 

deactivation due to sulphur poisoning, coking and etc.  

 

 The implementation of the steam reforming process has also been considered for the 

reforming of biogas [16,17]. The steam reforming of CO2-rich gas such as biogas involves 

other reaction mechanisms, the so-called dry reforming ones, because CO2 is a congenital 



1 Introduction 

3 

reforming agent. The involvement of other reaction kinetics makes the syngas production 

process complicated. This will be introduced and explained later.  

 

There are also attempts of the syngas production by means of steam reforming carried out on 

other types of fuel and those attempts are summarized in the following articles: phenol [18], 

methanol [19–22], ethanol [23,24], bio-ethanol [25], diesel [26], biodiesel by-product glycerol 

[27,28] and bio-oil [29] and etc. Dealing with this type of fuel in the steam reforming process 

easily invites a coking problem.  

 

Most commonly, the steam reforming process is thus used for synthesis gas production from 

natural gas, in which a concentration of methane is predominant. The steam reforming 

reaction of methane and simultaneously occurring water-gas-shift reaction are indicated in the 

following formula: 

 

Steam reforming of methane:   CH4 +H2O→ 3H2 +CO ,  ΔH 0 = 206.2 kJ mol-1
 (1.2) 

Water-gas-shift reaction:  CO+H2O→ H2 +CO2 ,   ΔH 0 = −41.2 kJ mol-1
 (1.3) 

 

By the summary, total reaction process can be expressed as: 

 

  CH4 +2H2O→ 4H2 +CO2  (1.4) 

 

The steam reforming reaction of methane is endothermic and the water-gas-shift reaction is 

mildly exothermic.   

 

The steam reforming of methane also risks the reaction hazards as mentioned earlier; sulphur 

poisoning and carbon formation on the catalyst surface for active reaction sites. These issues 

will be explained in Section 1.1.1.2. The efforts are undertaken to develop the catalytic 

materials that preclude the operation failure of reactor connected with those drawbacks. The 

investigation of the reaction kinetics of the methane/steam reforming involves also research 

on finding an appropriate catalyst for this reaction. This is partially focus of this thesis, which 

will be addressed later. There are also attempts to reduce the operating temperature of the 

methane/steam reforming process as summarized by Angeli et al. [30]. 
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The kinetics of the steam reforming reaction has been widely and heavily studied over the 

years. Among such studies, Ni catalyst is the most attention-paid material due to the 

economical competitiveness and activity to promote the reaction [31], and numerous studies 

have been carried out to reveal the reaction mechanism [32] and develop reactor designs [33–

35]. Since investigations on the reaction kinetics of the steam reforming reaction on Ni 

catalyst have became a major interest, it is generally believed that the reaction process is 

dominated by the rate-determining steps. It is agreed that the reaction involves initial 

adsorption and decomposition of methane to “CHx (0<x<4)” species. This can be promoted by 

a reaction with the gas phase of H2O or adsorbed oxygen species, though disagreement can be 

found over the specifics of the reaction mechanism and the nature of the rate-determining 

steps by methane chemisorption, surface reactions, gas phase reactions and/or the desorption 

of the product [3]. The first detailed study of this reaction mechanism can be found in the 

work of Bodrov et al [36]. Xu and Froment have developed Langmuir-Hinshelwood’s model, 

which is known as the classic mechanism of the steam reforming reaction [37]. They 

proposed that the rate-determining step is a reaction of absorbed carbon and oxygen species, 

and therefore reaction rate depends on partial pressures of water, methane and hydrogen. 

Recent works have mentioned that the rate-determining step of the process is dissociative 

adsorption of methane [32,38]. However, this modelling assumption is valid and constrained 

when the empirical expression is derived on the basis of assumed elementary steps. The 

detailed atomic mechanism of the steam reforming of methane is still not revealed to 

compensate to the perfection of Langmuir-Hinshelwood model. This means that the 

agreement of experimental data is not a definite proof of identifying the reaction mechanism 

[39]. Further work must be devoted to reveal the mechanism of the steam reforming reaction. 

Nowadays, the reaction rate of the methane/steam reforming reaction derived from the 

simplified Hinshelwood model or power law expression derived from data fitting are 

popularly used. More details are found in Section 3.1. 

. 

1.1.1.2 Dry reforming reaction 

 

Dry reforming is an alternative methodology for syngas production instead of the steam 

reforming process. The following is the exemplary of drying reforming of methane indicated: 

 

Dry reforming of methane:  CH4 +CO2 → 2H2 + 2CO ,   ΔH 0 = 247 kJ mol-1
 (1.5) 
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As a product of the reaction, hydrogen is produced with CO in the presence of CO2. This 

further involves a water-gas-shift reaction and may cause a steam reforming reaction of 

methane as well. 

 

Reaction (1.5) can occur in the presence of carbon dioxide with hydrocarbon fuel in the 

reaction site. The reaction is a highly endothermic and rate-determining step as the steam 

reforming reaction is. The heat and mass transfer limitation that can be involved in the 

reaction process can be treated equivalently in the same manner as the steam reforming is [3]. 

Several attempts can be found for the investigation of the reaction over metal and novel metal 

catalysts [40–50]. Ni catalyst seems to be effective catalytic components for this reaction in 

chemical activation [50–52], though the carbon deposition seems to be more influential on 

their chemical activation than that noble metals possess [40]. The reaction kinetics of the 

drying reforming process is studied [53–56] though the number of reported investigations is 

very limited compared to that of the steam reforming process [3]. 

 

The first detailed study concerning the kinetic of the methane/steam reforming on a Ni foil-

shaped catalyst was prepared by the group of Bodrov, Apel’baum and Temkin [36]. It was 

basically a study of the methane/steam reforming process. A dry reforming reaction, however, 

can occur in a methane/steam reforming process via water-gas-shift reaction. Later Bodrov 

and Apel’baum found that the conversion rate fitted to the expression [57]. Wei and Iglesia 

have studied the mechanism of dry reforming of methane over various types of catalysts [32]. 

They stated that the reaction mechanism of the dry reforming process is essentially based on 

the decomposition mechanism of methane and it is equivalent to those of the steam reforming 

reaction and carbon decomposition. Either of the reactions can primarily occur following the 

equilibrium condition in the reaction site where the reaction can occur. Nishino and Szmyd 

carried out the modelling of biogas reforming followed this statement [58]. They have 

implicitly expressed the dry reforming of methane with the compensation of the steam 

reforming and reverse water-gas-shift reaction. Brus et al. took this statement and brought it 

to the analytical investigation of dry reforming using model biogas, in which the chemical 

composition of methane and carbon dioxide was varied [59]. They developed a simplified 

reaction kinetic model for biogas reforming and found good agreement with their 

experimental results. 
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This reforming process is often considered for the syngas production from biogas, mostly 

consisted of methane and carbon dioxide depending on the raw material used and the 

production conditions. Inexpensive catalytic material of Ni is often used for the dry reforming 

of biogas. It should be noted that there are two significant negative factors in using Ni catalyst 

that degrades the production efficiency of syngas and the deterioration of catalytic material; 

carbon deposition and the sulphur poisoning on metal and noble metal catalysts are the 

problems to be solved in addition to addressing the key role of dry reforming. Carbon 

deposition occurs over the surface of the catalyst on which the active reaction sites is kept. It 

is often observed in the experimentation that Ni apparently cause the deposition of carbon 

over the reaction site. Brus et al mentioned that the operating condition for the reactor must be 

carefully chosen to have a carbon free regime that can ensure the prevention of carbon 

deposition over the catalytic material from the thermodynamic point of view. In this way, the 

proposed solution is the addition of water to the reactor, which promotes steam reforming of 

methane in biogas together with the dry reforming [60]. There are also attempts of material 

development of the catalyst to avoid the carbon formation. Valenti et al suggested to add a 

small portion of vanadium to a Ni/Al2O3 catalyst to avoid the formation of the aluminate 

spinel phase [61]. 

 

For biogas reforming over a Ni catalyst in the presence of H2S, often highly composed in 

biogas, the active catalytic reaction site on the Ni catalyst is blocked by the sulphur sorption 

[62]. This deactivates the catalyst and is known as the most important root cause of sulphur 

poisoning. This chemisorption of sulphur on the Ni catalyst is considered as reversible 

process [63]. However, sulphur poisoning increases exponentially over the time with the 

reforming agents and this influences the catalytic activity of the material, of which the active 

surface is covered with the sulphur sorption [62]. Though its convergence at the saturated 

condition depends on the operating temperature, type of catalyst and partial pressure of the 

reactants. Catalysts with lower metal loading lose activity at a faster rate compared to 

catalysts with higher metal loading [64]. There is researches that report attempts on avoiding 

the sulphur poison problems. Quincoces et al investigated the dry reforming of methane over 

Ni/Al2O3 with the addition of small amount of Molybdenum (Mo). They found that the 

addition of Mo increased the resistance of the material to both carbon deposition and sulphur 

poisoning slightly [51]. For developing the Ni-based catalyst that can ensure catalytic activity 

in biogas reforming, the selection of appropriate promoter is one way solving the sulphur 
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poisoning issues. Adopting a bimetallic catalyst configuration such as Ni-Co is also 

considered for solving the problem connected with the sulphur poisoning [27]. 

 

As was mentioned earlier, that the dry reforming process may involve a reverse water-gas 

shift reaction and further the steam reforming reaction. The entire process becomes also more 

complicated. To properly address the problem of the fuel reforming process and optimize the 

operating condition are significant issues from the viewpoint of thermal engineering. For this 

purpose, the reaction kinetics of both steam and dry reforming reactions must be well studied. 

 

1.1.1.3 Partial oxidation reaction 

 

Partial oxidation is another way for syngas production. Partial oxidation reaction of methane 

occurs in the presence of oxygen. The reaction is slightly exothermic. The partial oxidation 

proceeds at high temperature (over 1100 oC), it is a so called thermal partial oxidation 

reaction. Uneconomical operating conditions, at a high temperature, makes this methodology 

difficult to be commercialised, thus, instead, catalytically promoting the reaction process was 

considered, the so-called Catalytic Partial Oxidation (CPOX) reaction.  

 

Investigations on partial oxidation reaction mechanisms have started in the middle of the XX 

century. However the problems connected the carbon formation in the reaction process, the 

difficultly of choosing operating conditions, restrictions in gas phase reaction mechanism and 

other hazards abandoned the development of partial oxidation technology, though it 

potentially could exhibit advantageous characteristics that steam reforming does not own 

hereditary [3], [65] . Several decades ago, activity related this topic gradually came back to 

the development due to the development of catalytic stabilities towards the temperature 

degradation and inhabitation to the carbon formation problem at a lower temperature [66–68]. 

However, Enger stated that the day of syngas production by means of partial oxidation 

mechanism is still far to be commercialized, though the catalyst development came to pre-

commercialization phase [66].  

 

Among metal and noble metal catalytic material, Ni and Co is often used as a catalyst for 

catalytic partial oxidation reactions among cooper and ferrite metals and iridium, palladium, 

platinum, rhodium and ruthenium noble metals [66]. Ni based catalysts seem to be the most 
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popularly used catalysts, since it is believed that this enables the reaction reach to equilibrium 

conditions. Cobalt is the one that can exhibit active catalytic performance, yielding syngas 

production close to equilibrium conditions, considering the partial oxidation of methane at 

lower temperature, since high temperature operation causes large deactivation compared to 

nickel based catalysts [69].  

 

The addition of promoters are considered a practical solution for increasing syngas production 

efficiency and bimetalic catalyst configuration is as well considered; All of those attempts 

reduce the risk of carbon formation in the active reaction site and to decrease operating 

temperatures.  

 

The partial oxidation is mildly exothermic and very fast reaction. This enables the CPOX 

system to be more practical and beneficial in the light of building reactor plants, which are 

energy-efficient and wide range in scale. The partial oxidation reaction is denoted in the 

following formula: 

 

  
CH4 + 1

2
O2 → CO+ 2H2 ,   ΔH 0 = −36 kJ mol-1  (1.6) 

 

The reaction occurs at the condition in which the amount of oxygen is insufficient to 

decompose the entire amount of methane supplied. Prettre et al found that an over-supply of 

oxygen to methane results in the complete oxidation of methane [70]: 

 

  CH4 +2O2 → CO2 + 2H2O ,   ΔH 0 = −803 kJ mol-1  (1.7) 

 

York et al. categorized the reaction kinetics of catalytic partial oxidation into two groups: 

Combustion and Reforming Reaction (CRR) Mechanism and Direct Partial Oxidation (DPO) 

Mechanism [3]. The CRR mechanism is a macroscopic distinction of the processes involving 

the total oxidation reaction found in the observation first done by Prettre et al; the initial stage 

of the syngas production process is dominated by fast and exothermic total oxidation reaction 

and later on the product of the reaction reacts with the leftover of methane to produce the 

syngas via the steam and dry reforming reaction. The steam and dry reforming reactions take 

place in the downstream of the process with the occurrence of the water-gas-shift reaction. 
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The yields of syngas, however, can not be predicted precisely from this observation. The DPO 

mechanism was found throughout the investigation done by Hickman and co-workers [71–75]. 

This mechanism is based on microscopic observation in the process; surface reactions that can 

occur on the reaction site of the catalyst, which heavily depending on the used metals or noble 

metals, is well taken into consideration [3].  

 

The CPOX process can be affected by the carbon formation over the active surface area of a 

used catalyst. The unfavourable ratio of hydrogen-to-carbon monoxide can result in this 

particular problem. Increasing selectivity of hydrogen on the reaction site (carbon monoxide 

dominates hydrogen among the products of the process) is likely keen for preventing the 

carbon formation. 
 

Devotion in the catalyst development can be noticeably found on this research topic. 

Investigating the reaction kinetics on those catalysts is also important, however, this process 

is faster and the conditioning of the operating setup seems to be more significant once the 

development reaches the commercialisation phase. 

 

1.1.2 Application to the power generation sector 

 

Syngas production from fossil fuel is usually applied in two different fields of industry: the 

chemical and the power generation sectors. As was mentioned earlier, syngas is an important 

source for numerous chemical productions. On the other hand, the syngas production becomes 

more significant today in light of power generation applications. 

  

Nowadays, fossil fuel is the most privileged source of energy to provide the electricity. In the 

current situation, the largest amount of electricity is generated from the large-scale power 

sectors, in which natural gas, coal and oil are directly used for power generation driving steam 

turbines and gas turbines. With the increase of power demand and increased requirements on 

minimization of the environmental impacts, the efficient way to use the fossil fuel has been 

realized with combined thermal cycles. A most commonly known combined cycle is Gas 

Turbine Combined Cycle (GTCC) with a steam turbine, which records over 50% of thermal 

efficiency (based on the lower heating value: LHV). In the development of social 

infrastructure and the diversification of power demands, independently from the large power 
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system, attention on the development of distributed power generation systems is being paid to 

increase energy security and to answer the complex demands of network. The advantage of a 

distributed network system is that it can use the already-existing infrastructure such as city-

gas pipelines and etc. They can also use the potential benefits of fuel cells (FC), which are 

considered as the most expected and highly efficient power source.  

 

Fuel cells are electrochemical devices that can convert the chemical potential of fuel directly 

into electricity. Direct conversion of fuel to electricity thus possesses higher energy 

conversion efficiency than ordinary thermal cycles can achieve. Fuel cells are configured with 

electrolyte, anode electrode (fuel side electrode) and cathode electrode (air side electrode). 

They can generate electrical power in the principle of exchanging ions throughout the 

electrolyte, which usually is sandwiched by two different electrodes. Fuel cells are generally 

categorized into; polymer electrode fuel cells (PEFCs) (also known as polymer electrode 

membrane fuel cells: PEMFCs), molten carbonate fuel cells (MCFCs) and solid oxide fuel 

cells (SOFCs), depending on the type of material used to transport ion from one side to the 

other. PEFCs exchange proton throughout the polymer membrane from the anodic side to the 

cathode side. Nafion is the most often adopted polymer material performing proton 

conductivity at lower temperature (80-100 oC), though Nafion has a limitation in increasing 

its operating temperature due to its volatilization. It is usually difficult to ionize hydrogen and 

oxygen in this temperature at the reaction site over the electrodes. An expensive noble metal 

catalyst is thus used. Thus, syngas technically cannot be used to avoid carbon monoxide 

poisoning on the catalyst. Use of syngas for the PEFCs requires the separation of carbon 

monoxide. The PEFCs are often adopted for mobile purposes such as automobiles. The 

MCFCs and SOFCs on the other hand, have a different principle of transporting ions 

compared to the electrochemical principle of PEFCs. The MCFCs generate electricity in the 

exchange of negative carbonate ions from cathode to anode through lithium potassium 

carbonate salt as an electrolyte. For performing ion conductivity at the electrolyte, the MCFC 

requires a high operating temperature (around 650 oC). In the case of SOFCs, they allows for 

the transfer of oxygen ions from the cathode side to the anode side throughout the solid oxide 

electrolyte. This requires high operating temperature (700-1000 oC) to perform the ion 

conductivity of solid oxide electrolytes. An advantage of the MCFCs and SOFCs is related to 

this electrochemical principle that allows for the use of carbon monoxide as fuel, the so-called 

fuel flexibility. With this fuel flexibility, the MCFCs are SOFCs can readily incorporate the 

syngas for power generation at a high-energy conversion rate.  
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Hydrogen and syngas production by means of the steam reforming process can greatly 

incorporate fuel cells for their installations in the distributed grid network, and is literally a 

key solution for introducing the commercialization phase of fuel cell technologies.  

 

1.2 Solid Oxide Fuel Cells 
 

The Solid Oxide Fuel Cells (SOFCs) systems, with their high operating temperature, fuel 

flexibility [76] and simplicity of connection with city-gas infrastructures, advertise their 

potential and promote themselves to have numerous application possibilities in different 

sectors of industries. As the devices, which directly convert the chemical energy of fuel into 

electricity, they have the potential to be economically competitive technology that can 

provide higher electrical efficiency in comparison to the commonly used solutions. The high 

efficiency is related with the principle of direct energy conversion with small losses and is 

supported by the high operating temperature of SOFCs. Exemplary applications include large 

scale projects such as cogeneration power plants [77], as well as smaller units applied to 

refrigerated tracks, hybrid ships or remote power generators [78]. 

 

The original idea of SOFC, the basic principle and materials were proposed by Nernst and his 

colleagues at the end of 19th century and the first application is dated from the beginning of 

the 1960s, when NASA used SOFC on board of the Apollo space shuttle. 

 

The principle of operation of Fuel Cells is similar to batteries with the combination of 

electrochemical reactions in order to generate electricity without the direct combustion of fuel 

as an intermediate step. Contrary to batteries, the power production in the fuel cells is 

continued as long as the supply of fuel and oxidant is provided.  

 

Fuel cells in general consist of two porous ceramic electrodes (a cathode and an anode), 

which are separated by a solid ceramic electrolyte layer. An electrolyte layer, oxygen-ion 

conductor, is typically solid oxide such as Yttria-Stabilized Zirconia (YSZ) [79]. An outline 

and working principle of a Solid Oxide Fuel Cell in tubular configuration are shown in 

Fig. 1.1. 
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The general electrochemical process dominant in SOFC is the oxidation of hydrogen via two 

half-cell reactions [80]: 

 

Anode reaction:  H 2+O2− → H 2O+ 2e−  (1.8) 

Cathode reaction: 
  
1
2

O 2+2e− → O2−  

 (1.9) 

 

The overall reaction in the cell is summarized as: 

 

Overall cell reaction: 
 
H 2+

1
2

O 2→ H 2O  (1.10) 

 

 
Figure 1.1 Schematic configuration of a Solid Oxide Fuel Cell in the tubular configuration and its 

working principle 
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SOFC provides only water and heat as by-products of the electrochemical reactions, makes it 

clean and environmentally friendly power source. However, if the cell is supplied by the fuel 

consisting carbon oxide and hydrocarbons (exemplary methane), the additional reactions 

occurs on anode side: 

   

  CO+O2− → CO2 + 2e−  (1.11) 

  
1
2

CH4 + 2O2− → H2O+ 1
2

CO2 + 4e−  (1.12) 

 

The maximum voltage provided by the preceding reactions is limited and with increasing 

current it significantly decreases [81]. In order to increase the voltage for the industrial 

application of SOFC, singular cells are connected into a cell stack by an interconnect. 

 

The development of SOFC Systems is gradually shifting to the phase of initial 

commercialization (in the case of small-scale systems such as for residential use). Though 

there are still issues to overcome for commercialization of the larger-scale systems, which 

will take an important role in grid network. Current research on the topic is being carried out 

by both the industrial and academic sectors. Concerning commercial research and 

development projects, exemplary are the SOFC tubular cells for high efficiency hybrid power 

generation systems by Mitsubishi Hitachi Power Systems [82], SOFC for auxiliary units in 

automobiles and tractor-trailers developed by Delphi Automotive Systems [83,84]. 

 

Generally, SOFC systems research is focused on improving the properties of materials [85] 

and reducing start-up time particular for mobile applications [86]. The works are coried out 

also in the topic of the lower-temperature systems (at temperature 600 oC). The high operating 

temperatures of SOFC causes the material engineering issues, which have to be properly 

solved in order to provide stable operation. Lowering temperatures, lowers also the cost of 

materials and the start-up time [87,88]. The further investigated issue is improving the fuel 

flexibility of SOFCs to enhance their competitiveness. Although systems can be operated on 

the various hydrocarbons, the SOFC stacks usually relay on the external fuel processing in the 

present implementations. 
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1.3 Fuel Processing for Solid Oxide Fuel Cell 
 

Low-temperature, proton-exchange membrane (PEM) fuel cells have very high requirements 

concerning the quality and purity of the supplied hydrogen. Therefore, in order to fuel them 

by hydrocarbons, a complex external reforming system, consisting of a fuel reformer, a shift 

reactor and clean-up devices, is necessary prior to the fuel cell [89].  

 

On the other hand, the high operating temperature of the SOFC cell eliminates the necessity 

of the external heat source (in Fig. 1.2A) for the strongly endothermic reforming reaction. The 

high-temperature heat, which is a buy-product of SOFC (except for electrical power), is 

resulted from their elevated operating temperature and can be used directly to maintain 

reforming reactions. Regarding this advantage, coupling of the reforming process with SOFCs 

is a beneficial solution for hydrogen production in fuel cell technology and high exergy 

efficiency. Internal reforming of the fuel can be achieved by the indirect method using a 

separated reforming system installed within SOFC stack (in Fig. 1.2C) or by the internal 

direct reforming process which is conducted directly on the anode (in Fig. 1.2B). Internal 

reforming can be also constituted from both direct and indirect configuration, when part of the 

hydrocarbons is converted to synthesis gas by the separate module within the fuel cell with 

the balance of the fuel reforming occurring directly on the anode. 

 

The internal reforming system is beneficial compared with the external configuration because 

of the great increase of the overall efficiency of the system compared with low-temperature 

fuel cells. An additional advantage is reducing the complexity of the system and hence 

reducing the initial and operational cost [78]. Moreover, the excess heat, not used in the 

reforming system, can be further applied for the gas turbine and finally in the combined heat 

and power (CHP) system. The maximum utilization of the heat induces further increases of 

system efficiency. Figure 1.3. shows a exemplary heat flow in the advanced internally 

reforming SOFC system with adsorption of heat by reforming. Regarding all of preceding 

points, many recent studies are focused on fuel reforming issues, which is a topic vital for the 

development of SOFC and their industrial applications.  

 

The great fuel flexibility of SOFC and bigger impurities flexibility than other types of fuel 

cells [89], gives the possibility to use fuels as natural gas, biogas, vegetable matter and 

landfill gas or gasified coal. The large variety of possible fuel choices with the modular nature 
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of SOFC, makes them suited for both small-scale applications, stand-alone systems in remote 

areas and larger CHP and hybrid gas turbine systems.  
 

 

A"

B"

C"

 
Figure 1.2 Fuel processing for Fuel Cell: A) External Reforming System, B) Direct Internal 

Reforming System, and C) Indirect Internal Reforming System 
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Figure 1.3 Heat flow in advanced system of SOFC with internal reforming and by-product heat 

utilization 
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Despite many advantages several issues have to be solved in order to couple of fuel reforming 

module and SOFC. A poorly designed system can suffer from the problems of deactivation 

and loss in cell performance, material failures and reduced cell durability. In the case of the 

internal reforming, hydrocarbon pyrolysis can occur and, as a result, the carbon deposition 

can affect the catalytic material. Methane and higher hydrocarbon steam reforming is a fast, 

highly endothermic reaction and when it is coupled with slow, exothermic fuel cell reactions, 

there can be potential instability. Additionally, during the start-up condition the reforming 

reactions can not be thermally self-maintained, because of the heat from stack is not sufficient 

to supply the fuel reforming requirements [89]. 

 

The direct internal reforming system can potentially assure the highest possible efficiency of 

the overall system by reducing the necessary energy transmission steps and the complexity of 

design [90]. However, the material requirements and thermodynamic management of the 

anode reaction are crucial issues. The anode composite has to fulfil the following points: it 

must to have catalytic properties for the reforming reaction, it has to be electrocatalyst, 

supporting the electrochemical oxidation of hydrogen and carbon monoxide to water and 

carbon dioxide and has to have proper electrical conduciveness. One of the major issues in 

this system configuration is the rapid cooling effect appearing in the inlet of the cell, which 

generates the step temperature gradient. The inhomogeneous temperature distribution along 

the cell is difficult to control and can cause the cracking of anode and electrolyte. In 

developing the internal direct reforming system the major challenge currently is the 

development and investigation focused on the material issues. 

 

The indirect internal reforming system on the other hand, where the hydrogen production is 

conducted outside the cell, is integrated within the SOFC stack upstream of the anode. This 

configuration, despite smaller efficiency and bigger complexity than direct reforming, has a 

number of advantages. The system is easy to be thermodynamically controlled from both 

sides of the SOFC anode and the reformer at the point of the temperature gradient. The 

catalyst used in the reformer can be more dispersed compared to the SOFC anode, what is 

beneficial from the point of view of carbon deposition [89]. In this configuration it is also 

possible to use other than nickel catalyst on the fuel reforming side, which do not fulfil the 

SOFC anode requirements for electrical conductivity. 
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Figure 1.4 Possible reaction pathways in A) SOFC with direct internal reforming system B) indirect 

reforming system coupled with SOFC 
 

The potential reaction pathways deriving the effects observed in the internal direct and 

indirect reforming systems are presented in Fig. 1.4. Generally, when the hydrocarbons are 

used to directly fuel the SOFC stack, pre-reforming of the fuel to the form when only methane 

is remaining is necessary. Fuelling SOFC with higher hydrocarbons would cause the carbon 

deposition in the stack because of the susceptibility of the anode to the pyrolysis of higher 

hydrocarbons. The build-up of carbon on the anode leads to the deactivation of the cell [91–

93]. The probability of the carbon deposition is especially high in the low stem-to-carbon 

ratio [94], on the other hand, when the steam partial pressure is high, sintering of nickel anode 

particles can occur. This later causes a loss in the cell performance because of the decrease of 

the catalytic activity of the anode [95]. Therefore, in the case of SOFC development the 

biggest impact is on the methane/steam reforming kinetic and this process will be discussed 

within the scope of this thesis. 

 

1.4 Models of SOFC coupled with reforming of fuel 
 

The models of SOFC are widely used for the various purposes. Generally numerical models, 

as in many others fields of science, provides an inexpensive and fast method for testing new 

engineering designs and configurations of a stack [96–100] and for the quantification of 

power systems incorporating a SOFC stack as one of the compounds [101–109]. The models 



1 Introduction 

18 

are often used for the interpretation of experimental results [110] and determining the interest 

area for conducting future research [111]. In the case of a SOFC system it is difficult to 

measure the specific conditions for the temperature and distribution of the chemical species 

along the cells; the modelling techniques are indispensable tool to research those issues and 

predict the occurrence of hotspots [112–114] and the determination of optimal operation 

conditions and control strategies [115,116].  

 

The modelling of all phenomena, which are influential for the behaviour of the SOFC stack, is 

very complex and numerical models are robust and require high computational power. 

Therefore, the usually proposed models focus on one or several issues and can be divided by 

their main interest into three general categories: micro models, cell/stack models and system 

models [39]. Properties of every approach with the exemplary studies are summarized in 

Table1.1.  

 

The large number of SOFC modelling studies includes internal steam reforming in the cell 

model or external reformer in the configuration of the system. Reforming reaction is often the 

determining factor influencing the local and overall performance of the SOFC system, 

especially when the fuel contains a noteworthy amount of methane. Especially in the case of 

modelling the internal reforming configuration, the occurring reforming significantly changes 

the local temperature gradient and composition of the flow. Therefore, the kinetic of the 

methane reforming process should be accurately addressed in order to provide the 

compatibility between numerical simulation and experimental observations. The modelling 

approaches presented in various studies are summarized in Table 1.2. Many incompatibilities 

and divergences between assumed reaction rates have been reported. Several studies 

presented the simplified approach to deliberate the reforming process: equilibrium conditions 

were assumed [117–120] or artificial models were imposed. The example of artificial model 

proposed for describing reforming in SOFC was the one based on the assumption that in 

every consecutive finite element used for numerical modelling, the 75% of the remaining 

methane was reformed [121]. However, any of those approaches does not reflect the real 

kinetic of the process and should be used only as an approximation in the initial calculations. 

Some of the system models use the thermodynamic description and equilibrium conditions for 

internal reforming instead of the kinetic equations [120,122]. Although several models 

assume a simplified approach of thermodynamic equilibrium, more detailed and correct 

approaches are based on the kinetic expressions. However, among the models incorporating 
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the kinetic equation of methane/steam reforming a variety of assumed reaction kinetics can be 

observed.  The most typical used kinetic equations are those derived by Achenbach and 

Riensche [123] and Lehnert et al. [110,124]. Unfortunately both of them are subjected to 

considerable inadequacies. Achenbach and Riensche kinetic equation was derived for the 

catalyst characterized by the relatively small, in the context of SOFC materials, 20% nickel 

content weight percentage (on ZrO2) and experimentation was conducted on the thick anode 

that did not fulfil the electrochemical requirements for the SOFCs. This approach assumes 

first order dependency on methane partial pressure and no influence of partial pressure of 

steam for the reaction rate. It is consistent with the values of the reaction orders derived by 

Achenbach and Riensche: one for the reaction order with respect to the partial pressure of the 

methane and zero for the reaction order with respect to steam partial pressure [123]. 

Compared with other models, it gives a slightly higher than average results for the reaction 

rate [39]. Lehnert et al. expression on the other hand, assumes first order dependencies for 

both methane and water, what is rarely visible in other experimental studies and derived 

reaction kinetics [39]. 

 

Nadal et al. [100], who studied charge, mass and heat transfer interactions in solid oxide fuel 

cells operated with different fuel gases proposed a sensitivity analysis conducted for various 

reforming kinetic expressions implemented in the SOFC model. They investigated the 

influence of the reforming equation defined by the equilibrium equation, Achenbach kinetic 

model [123], Ahmed and Foger kinetic model [125], Leinfelder kinetic model [126] and 

Drescher kinetic model [127] for various operating parameters of SOFC. The results they 

obtained are presented in Fig. 1.5. Noticeable differences and the considerable influence for 

current density and Nernst voltage distribution, methane, hydrogen and carbon monoxide 

distribution, temperature distribution of IEA 2 gas and temperature difference between the 

predicted temperature difference for IEA1 and IEA2 gases are observed in all cases. IEA1 and 

IEA2 gases were defined by the International Energy Agency respectively for an explicit 

investigation of the impact of varying model constants on the electrochemical performance 

and for the determination of the coherences when also internal reforming reactions take place. 

Among the general conclusions it can be noted, that the faster methane/steam reforming 

kinetic results in a stronger cooling effect. This reaction is counteracted by higher 

temperatures in the latter parts of the cell caused by the higher current density values at the 

cell inlet.  
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Among the studies focused on the microstructure model of fuel cell, some incorporate 

reforming kinetic models based on the complete set of all 42 elementary reactions consisting 

on the process [128]. Every reaction is described by a separate kinetic expression. This 

method depends on the accuracy of the modelling of anode microstructure and gas diffusion 

[39]. The disadvantage of this methodology is the fact that kinetic data sets are taken from a 

variety of sources and have to be modified by optimizing procedures to assure 

thermodynamic consistency. In the case of complicated optimization problems and modelling 

of the system with an SOFC unit this approach is difficult to introduce because of its high 

computer power demand. 

 

A" B"

C" D"

 
Figure 1.5 Influence of the assumed reaction kinetic model for A) current density and Nernst voltage 
distribution, B) methane, hydrogen and carbon monoxide distribution, C) temperature distribution of 

IEA 2 gas D) temperature difference between the predicted temperature difference for IEA1 and IEA2 
gases  (reproduced from [100]) 
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Table 1.1 Comparison of numerical models for SOFC 
 Micro model Cell/stack model System model 

Principle Detailed analysis of physicochemical 
phenomena 

General model of single cell or stack of cells Analysis of performance in the complex 
system 

Application Material research, Microstructure 
optimization 

Concentration and temperature profiles, 
Identify hotspots and potential carbon deposition 

Design and optimization of the systems 
including SOFC 

Complexity 
of the 
model 

One dimension; detailed description 
including mass and heat transfer in 
porous electrodes and electrical 
conduction 

Two or Three dimension; simplified description 
of electrodes and electrolyte; sometimes include 
microstructure 

Zero or One dimension; high 
simplification, focus on interaction with 
surrounding 

Examples ! Experimental and modelling 
investigation on methane reforming 
kinetics within Ni-YSZ SOFC anode 
support, Hecht (2005) [128] 

! Prediction of tortuosity of SOFC 
anode from mass transport model and 
saturation currents, Brus (2014) [129] 
! Review of simulation of composite 
electrodes for SOFC with example of 
calculation of methane reforming for 
Ni/YSZ cermet, Sunde (2000) [111] 
! Effect of microstructure and thickness 
on performance of SOFC, Li (2014) 
[130] 

! Macro/micro structure parameters 
influence for methane fuelled single 
SOFC cell stack, Hosseini (2013) [99] 

! 2D model of internal indirect reforming tubular 
SOFC, Nishino (2006) [131] 

! Sensitivity analysis for SOFC with internal 
direct reforming fed by various fuels, Nagel 
(2008) [100] 
! 3D model of planar SOFC with internal direct 
methane reforming for analysis of carbon 
formation and thermal stress, Nikooyeh (2007) 
[114] 
! CFD 2D elliptic model of SOFC with direct 
internal reforming, Janardhanan (2006) [132] 
! Comparison of Planar SOFC Models, 
Campanari (2005) [133] 
! 3D model model of APU SOFC stack under 
transient operation, Al-Masri (2014) [134]  
! 3D model for industrial-size SOFC fueled by 
diesel reformat, Schluckner (2014) [135] 

! SOFC model for system simulation, 
Bove (2005) [136,137]  

! 0D planar SOFC model with internal 
direct reforming, Petersen (2006) [138] 

! Energy analysis of SOFC system fed 
by syngas, De Lorenzo (2015) [139] 

! Influence of reformer fault for SOFC 
system, Greco (2014) [140] 

! SOFC triple combined cycle for 
natural gas with photovoltaic, Obara 
(2015) [101] 
! SOFC-GT system fed by liquid fuels 
(internal and external reformer), Santin 
(2010) [102] 

! SOFC-micro GC system performance 
(internal indirect reformer), Komatsu 
(2010) [103] 
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Table 1.2 Investigations on the modelling of Solid Oxide Fuel Cells coupled with methane steam 
reforming systems with the approach to the reforming modelling 

 
Study Focus of the study Approach to methane reforming 

modelling 
Simplified approach 

Costamagna 
(1996) [117] 

Experimental and modelling on 
partial oxidation of CH4 in SOFC 

Chemical equilibrium of the 
reforming reactions into the gaseous 
anodic stream evaluated at solid 
temperature 

Pfafferodt 
(2005) [118] 

Prediction of suitable operating 
range of SOFC for an Auxiliary 
Power Unit 

Chemical equilibrium of the gas phase 
reaction; finite reaction kinetic 
fulfilling the thermodynamic 
equilibrium condition 

Sidwell (2005) 
[119] 

Limitation of electrical efficiency 
in hydrocarbon fuelled SOFCs 

Molar flow into volume reaches 
equilibrium immediately, rate at 
which every species is created is 
difference between entering and 
equilibrium mixture flows; Gibbs 
minimization 

Apfel (2006) 
[121] 

Thermal start-up and management 
of SOFC 

75% of the remaining methane 
fraction is reformed in each of the 20 
finite elements of stack 

Chan (2003) 
[120] 

Model of SOFC- gas turbine hybrid 
system 

Equilibrium conditions applied for the 
process 

Demin (1992) 
[122] 

Thermodynamic analysis of SOFC 
system fed by methane 

Equilibrium conditions coupled with 
thermodynamic analysis 

Petersen 
(2006) [138] 

Zero dimensional model of planar 
SOFC with internal direct 
reforming of methane 

Chemical equilibrium conditions 

Kinetic rate expression 
Sucipta (2007) 
[141] 

SOFC-MGT hybrid system fuelled 
by gasified biomass  

Achenbach model [116,123]  

Komatsu 
(2010) [103] 

Analysis of system with SOFC and 
micro-gas turbine in part load 
operation 

Achenbach model [116,123] 

Komatsu 
(2013) [115] 

Dynamic behaviour of SOFC with 
power output control scheme and 
load following operation 
 

Achenbach model [116,123] 
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Study Focus of the study Approach to methane reforming 
modelling 

Kinetic rate expression 
Nagel (2008) 
[100] 

Sensitivity analysis for SOFC 
fuelled by various fuels 

Various calculation models:  

! Equilibrium equation 
! Achenbach model [116,123] 
! Ahmed and Foger model [125] 

! Leinfelder model [126] 
! Drescher model [127] 

Nikooyeh 
(2007) [114] 

Analysis of carbon formation and 
thermal stress in planar SOFC with 
internal direct methane reforming 

Achenbach model [116,123] 

Sunde (2000) 
[111] 

Simulation of electrodes in Fuel 
Cell 

Achenbach model [123] 

Campanari 
(2005) [133] 

Comparison of models for 
simulating planar cell geometry 

Achenbach model [116,123] 

Klein (2007) 
[96] 

Modelling SOFC fuelled by 
methane 

Lehnert model [110,124] 

Klein (2008) 
[142] 

Gradual internal reforming without 
coking in SOFC fuelled by methane 

Lehnert model [110,124] 

Haberman 
(2004) [98] 

Chemically reacting gas flow in the 
porous structure of SOFC 

Lehnert model [110,124] 

Gemmen 
(2006) [143] 

Coal syngas transport in anode of 
SOFC 

Lehnert model [110,124] 

Ni (2008) 
[144] 

Comparison of proton and ion 
conducting electrolytes for SOFC 

Lehnert model [110,124] 

Ni (2008) 
[145] 

Pressure gradient in SOFC 
modelling 

Lehnert model [110,124] 

Hosseini 
(2013) [99] 

Combined effects of macro/micro 
structure on methane fuelled SOFC 

Ahmed and Foger model [125]  

Nagata (2001) 
[146] 

Output characteristics of tubular 
SOFC with internal reformer 

Odegard model [147] 

Nishino 
(2006) [131] 

Numerical modelling of indirect 
internal reforming tubular SOFC 

Odegard model [147] 

Nishino 
(2010) [58] 

Numerical simulation of cell-based 
indirect internal reforming tubular 
SOFC operated with biogas 
 

Odegard model [147] 
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Study Focus of the study Approach to methane reforming 
modelling 

Kinetic expression measured for the specific cell 
Yakabe (2001) 
[113] 

3-D model of planar SOFC Power-law kinetic expression 
measured for Ni/YSZ cermet 

Lehnert (2000) 
[110] 

Gas transport phenomena in SOFC 
anodes 

Volumetric reaction rate on Ni/8YSZ 
cermet anode; described in [124] 

Achenbach 
(1994) [116] 

3D time-dependent simulation of 
SOFC 

The unity reaction order of CH4 and 
no influence of vapour partial 
pressure; results form experimentation 
on nickel cermet 

Brus (2012) 
[148] 

Chemically reacting gas flow in the 
porous structure of internal 
reformer of SOFC system 

Power-law kinetic expression 
measured on Ni/YSZ catalyst material 
by AGC Seimi Chemical CO 

Kinetic model for complete set of 42 elementary reactions 
Hecht (2005) 
[128] 

Methane reforming kinetic within 
anode support 

Kinetic data set taken from variety of 
sources modified by optimizing 
procedure to assure thermodynamic 
consistency 

Janardhanan 
(2006) [132] 

CFD analysis of SOFC with 
internal direct reforming – 
interactions of transport, 
heterogeneous catalysis and 
electrochemical processes 

Chemical reaction mechanisms, in 
particular for heterogeneous 
(gas/solid) catalytic systems, 
developed by the research group of 
Olaf Deutschmann [149] 
 

   
 

1.5 Methane/Steam Reforming kinetics investigations 

1.5.1 Nickel catalyst and SOFC applications 

 

The kinetic of the methane/steam reforming has been widely studied in the literature for 

industrial catalytic reactors. The reforming reaction can be conducted on the various catalytic 

materials, however, the most common are nickel based catalysts. This dominance is mostly 

caused by high activity and relatively low cost. Also, As it was presented in Section1.2 nickel 

(especially in the form of Ni/YSZ cermet) is also one of the most significant materials used in 

the production of SOFC anodes. However, when the reforming dedicated for both of those 

applications is considered, significant differences has to be addressed. Typical support 

material for industrial nickel catalysts is alumina magnesium spinel, and for the SOFC 
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application on the other hand, the most common support is YSZ. The Ni content is varied 

from around 5% in the industrial catalyst and around 40%vol in the SOFC anodes. Industrial 

high scale application usually uses the Ni particle size in the range 5-10 nm, while in the case 

of SOFC typical size of fine grains is about 1 µm [81]. All of those properties induce the 

differences in the performance and methane/steam reaction rate for both types of catalyst. 

Therefore, wide research [39] focused on the industrial catalysts, which were performed in  

the condition and material far from the SOFC typical standards, can not be directly transferred 

for the applications in the SOFC systems with internal fuel reforming [81]. Further, only a 

limited amount of research was focused on SOFC dedicated materials in the context of 

methane/steam reforming. 

 

1.5.2 Necessity of the reliable reforming kinetic description 

 

Widespread disagreements between kinetic of the reforming proceeded on the typical 

industrial catalysts in spite of the extensive research in the field and lack of suitable kinetic on 

real SOFC anode materials, induce the necessity for reliable data dedicated to SOFC design. It 

is crucial in the context of the great influence of the implemented reforming kinetic model for 

the properties and performance of the overall SOFC modelling [100].  

 

The mathematical forms of expression describing the highly non-linear kinetics of the 

reforming process are not consistent among themselves. The kinetic description is addressed 

by the various numerical models, which can be divided into three basic concepts: 

[32,37,39,148]:  

 

• General Langmuir-Hinshelwood kinetics [37],  

• first order reaction with respect to methane [32,123,150]  

• power law expressions derived from data fitting [113,125,147,148,151–153].  

 

Even among one numerical approach, the derived empirical parameters describing the process 

are divergent among themselves. For instance, Table 1.3 shows one of the empirical 

parameters, the so-called reaction orders in respect to the partial pressures of methane 

(reaction order a) and steam (reaction order b) found in the literature 

[81,94,113,123,125,147,150–154]. All of the studies presented in Table 1.3 were focused on 
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the Nickel based catalysts. Very significant differences can be found, although, the empirical 

parameters a and b should be independent from the specific property of the investigated 

sample, as far as the same type of catalyst is used [151]. Moreover, uncertainties of the 

obtained result, which may have influenced the derived reaction kinetics, were not 

substantially discussed in the published investigations. 

 
Table 1.3 Comparison of the reaction kinetics parameter, reaction orders a and b, found in literatures 

for Ni/YSZ cermet [81,94,113,123,125,147,150–154] 
 

Reference a b 

Lee et al. (1990) [153] 1 -1.25 

Achenbach (1994) [116] 1 0 

Odegard et al. (1995) [147] 1.2 0 

Ahmed and Foger (2000) [125] 0.85 -0.35 

Yakabe et al. (2001) [113] 1.3 -1.2 

Wei and Iglesia (2004) [32] 1 0 

Timmermann et al. (2006) [152] 1.19 0 

King et al. (2008) [150] 1 0 

Brus (2011) [59] 0.98 -0.09 

Mogensen (2011) [81] 0.7 0 

Iwai et al (2012) [151] 0.82 0.14 

 

 

To properly address and implement the reforming application due to the technological 

development of SOFCs, the implementation of an internal reforming system, modelling and 

numerical analyses of the phenomena occurring inside the SOFC systems are important 

subjects. The reason relies on the fact that the fuel reforming process, in particular the 

designing and optimizing of an indirect internal reformer and a cell with direct reforming for 

an SOFC application, involve problems connected with heat transfer phenomena in porous 

media. To conduct numerical modelling, proper kinetics of the reaction is also needed to 

improve the reliability of numerical modelling. Thus, the treatment of reaction kinetics and 

physical phenomena in a system are very important subjects to be accomplished.  
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1.6 Goal of the Thesis 
 

On the basis of the preceding observations the necessity for a precise description of the 

methane/steam reforming process arises. Moreover, in the light of the lack of a uniform 

empirical kinetic for the reforming reaction and a deficiency in consistent calculation 

methodology, the proposition of thorough and reliable experimental and computation 

strategies is indispensable. 

 

The primeval goal of the thesis is to provide comprehensive description of the 

methane/steam reforming process dedicated for Solid Oxide Fuel Cell with respect to the 

uncertainty of the postulated empirical process equations and to propose objective 

mathematical strategies for evaluating the quality of the imposed numerical models.  

 

It is postulated that the Generalized Least Squares Method fulfils the above-mentioned criteria 

and can be applied to analyse, improve and quantity the mathematical modelling of the 

methane/steam reforming process.  

 

Among the detailed objectives and hypothesis of the study the following can be pointed: 

 

1. Conducting the analysis of the methane reforming process and the determination of 

empirical parameters describing the phenomenon. Proposing experimental and 

calculation strategies for methane/steam reforming, which enable the study of the 

process conducted on various catalyst materials. 

 

2. Defining of a novel framework for incorporating the Generalized (Orthogonal) Least 

Squares Method for the analysis of the kinetic of chemical processes conducted in 

non-equilibrium conditions. The objective will be realized in several steps: 

- Preparation and implementation of a numerical algorithm which enables the 

application of the GLS method. The library of the GLS method operators 

provides the high portability and easy application for the various problems. 

– Preparing a mathematical model of the process;  

– Definition of constraints equations (model equations) describing the examined 

phenomenon;  
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3. Conduction an analysis of the methane steam reforming by the GLS algorithm and 

including additional data, which are commonly used for validation purposes, in the 

mathematical model as the supplementary variables. Presenting an improvement in 

quality of the obtained solution, a decrease in the uncertainty of the final result and 

increased security of the directly measured variables.  

 

4. Falsification of the various sets of constraints equations describing the methane 

reforming process. Proposing the objective and quantitative method for validation of 

the proposed mathematical models.  
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2 Outline of the Generalized Least 
Squares method 

The Least Squares (LS) method and the Generalized Least Squares Method (GLS) are 

methods for the approximate solutions of overdetermined problems. Overdetermined sets of 

equations are characterized by larger numbers of equations than numbers of unknowns. 

Another approach to approximate solutions of overdetermined problems, for example median 

regression, has bigger computational complexity and is less often used.  

 

The general method objective is that various mathematical expressions for determining the 

behavior of a system are solved as a set of simultaneous equations. On the other hand, the 

measurements with the experimental errors are considered for the implementation of the 

model and those experimental observations are adjusted to fulfil the principle of the balancing 

the equation set. The adjusting (co-ordination) process is done judiciously so that the 

measurements more prone to be burdened with errors are also the subject of receiving a larger 

percentage adjustment. The second principle of the method is that total adjustment is limited 

to the necessary minimum [155]. 

 

The most popular and simplest application of the least squares method provides the possibility 

to find a most probable value of a real variable, which was measured in a series of a 

measurements with experimental uncertainties. Generally, this method is a very important 

technique of statistical and applied mathematics, used for curve fitting, statistical estimations 

and the adjustment of observations [156]. However, the method of least squares can be also 

used for much more complicated problems with larger numbers of variables that are functions 

dependent on the values of the measured variables. The generalized least squares method with 

the assumption of normal distribution of errors provides a way of finding values of unknown 

variables and increasing the reliability of the results of direct measurements. Moreover its 

unique feature is possibility of finding the error of an obtained solution (the approximation of 

a theoretical standard deviation) after co-ordination of the variables.  
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2.1 Approaches to mathematical modelling 
 

The conventional methods of modelling multi-physical phenomena involving (heat and mass) 

transport problems usually describe an analysed system with a finite set of equations, which 

are uniquely defined in the mathematical sense. In general, the problem with N unknowns and 

K measured variables can be solved unambiguously when there are N equations in the 

mathematical model. This type of theoretical approach yields unique solutions from the 

peculiarly specified constraint set of equation for a system. Besides, they assume that each 

variable or model parameter is precisely defined and their uncertainties are negligible 

(Fig. 2.1A). However, in the case of the methane/steam reforming process, in which model 

parameters include properties from a general thermodynamic table, the assumption of 

accuracy of all of those factors can lead to the simplification of the model.  Model 

simplification can also be inducted by an applied mathematical approach in both the defining 

phase and during the model solving stage. Moreover, one of the most significant factors in 

identifying the inaccuracies of the model solutions is connected with the uncertainties of the 

directly measured variables (observations) incorporated in the problem description (Fig. 

2.1B). The model defined in this manner results in a unique description of the phenomena, 

although the numerical results can differ from the actual state of the system behaviour and the 

degree of accuracy of the model that is usually difficult to estimate. The present study will 

analyse the concept of most probable value of a theoretical solution and a measure of its 

inaccuracy. The proposed methodology allows for including additional data directly in the 

mathematical model of the process as the new (supplementary) variables. A model, which 

includes supplementary data, contains more equations than unknowns, and because the 

uncertainties of the directly measured variables (observations) can be internally contradicted. 

Choosing different subsets of constraint equations allows for the calculation of unknowns in 

many, theoretically correct ways and a problem, which arises, is how to determine the most 

probable result. The LS and GLS procedures are proposed as a method of correcting the 

measured data (co-ordination), securing its higher accuracy and obtaining the most probable 

value for the parameters to be determined by numerical computation (Fig. 2.1C). One of the 

most important features of those methods is the possibility of calculating the a posteriori 

errors characterizing the newly found values of the measurements and unknowns after co-

ordination. Additionally, it can be noted that the GLS method provides an objective criteria 

for the formal evaluation and falsification of different mathematical models of investigated 

phenomena. 
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Figure 2.1 Approaches to mathematical modelling: A) classical problem definition, B) errors of 
mathematical models and C) models with supplementary data 
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The formal condition of the applicability of the Least Squares Method can be summed up by 

correlating the number of measurement values in system K, the number of unknowns N and 

the number of the constraint equations. When the number of the independent equation in the 

constraint set is equal to the number of the unknowns J=N, then the system can be solved but 

the co-ordination procedure cannot be applied. There is no supplementary information 

included and the problem is defined uniquely. In other words, the control of the correctness of 

the results of the measurements cannot be carried out. On the other hand, when the number of 

equations exceeds the number of the unknowns in the model, the control of the measured 

values is possible on the basis of the relations existing between variables. Therefore, the 

following inequality should be preserved: 

 

 N < J  (2.1) 

 

The additional condition is that the number of the mutual independent equations in the 

constraint set should be smaller than the number of all the variables in the system: 

 

 J < K +N  (2.2) 

 

This condition provides the possibility of using the supplementary measurements in the 

problem definition effectively. 

 

2.2 Applications of Least Squares Method 
 

The first comprehensive formulation of the least squares method can be found in Adrien 

Marie Legendre’s Nouvelles méthodes pour la détermination des orbites des comètes (1805; 

“New Methods for the Determination of Comet Orbits”) [157].  On the other hand, the most 

famous priority dispute in the history of statistics is between Gauss and Legendre and it is 

claimed that priority to the method introduction should be shared with Legendre’s German 

rival. Simultaneously to Legendre, an American mathematician Robert Adrain published the 

method in late 1808 [158] and Carl Friedrich Gauss published it in 1809 [159]. Although the 

scientific norm usually determines priority on the basis of first publication, Gauss claimed 

that he used the least squares method from 1795. It is believed that the least squares method 

was used by him to adjust the data of measurement of a meridian arc on Earth, published in 

1799 in his letter to the Journal “Allgemeine Geographische Ephemeriden” which alludes to 
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“meine Methode” [160]. The data was analyzed by Stigler [161], however, later work by 

Celmins does not support this theory and concludes that we have to take Gauss's word about 

his early discovery [162]. 

 

Initially, the least squares method was used mainly in surveying problems and geodetic 

calculations and then was applied to astronomy and scientific problems. Moreover, the least 

squares method is the basis of the modern errors theory and it is called the automobile of 

modern statistical analysis [161].  

 

One of the most interesting examples of the application of this mathematical theory is the 

discovery of binary pulsar and the development of relativistic gravity theory, presented by 

Hulse and Taylor [163,164]. Those discoveries were awarded the Nobel Prize in Physics in 

1993.The Orthogonal Least Squares Method was used as the basis of all of the calculations in 

the project. During the data processing, all of the directly measured pulse times of the arrival 

(TOAs) at the telescope, had to be transformed to a corresponding proper time of emission in 

the pulsar frame. This is a complex problem, as this relation depends on many factors. The 

telescope’s location is calculated from the numerically-integrated solar system model and 

includes the Earth’s unpredictable rotational variations. Among others, the equations require 

positions, velocities, masses of all the significant solar-system bodies, including  the 

propagation effects and the description of the orbital motion of the pulsar. The model requires 

also the introduction of many a priori unknowns. The model parameters were extracted from 

an analysis conducted by the Least Squares Method on the long time-series of the measured 

TOAs. As it was stated: “In addition to providing a list of fitted parameter values and their 

estimated uncertainties, the least-squares solution produces a set of post-fit residuals, or 

differences between measured TOAs and those predicted by the model” [164]. By the 

application of the Least Squares method, Hulse and Taylor proposed a systematic approach to 

use the over-determined system of the equation and they have turned it into a calibrated 

laboratory for testing relativistic gravity. 

 

The first application of the Least Squares Method in chemical engineering is attributed to 

Kuehn and Davidson [155], who proposed a solution of a simple problem, when all of the 

flows in a system are measured [165]. Applications of the data reconciliation in the industrial 

process was reported by Reilly and Carpani [166]. Extensive analysis and development of the 

mathematical formulation of the method was presented by Sweneker [167] who applied it to 
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the adjustment of mass balances in a gas pipeline. Sweneker proposed a solution in matrix 

form for linear constraints and the process description included both unmeasured flows and 

products of measured flows and measured concentrations. The comprehensive study of the 

method and its applications in energy engineering problems were presented by Szargut, in 

particular for mass and energy balances in chemical and energy technologies [168].  

  

Applications to energy science and the theoretical aspects of the LS method were developed 

[169–178].  

 

The research involved problems relevant to a theory of coordination of material and energy 

balance [169–171], heat transfer by convection and radiation, the prediction of temperature 

distribution [172,173] and solving inverse boundary heat conduction problems [177,178]. 

Other concerned issues were investigations related to carbon dioxide emissivity [174], the 

solidification of binary alloys [175], and the modelling of autocatalytic reactions  [176]. The 

heat transfer problems were investigated by Szmyd, who previously considered the 

applicability of the Least Squares method to the steady-state conduction problem, and its goal 

was optimal planning of experimental measurements [179]. However, the model was 

represented as a fixed analysis example with a set number of calculation points and defined 

boundary conditions type I. The later studies generalize the consideration and introduce 

possibilities for incorporating the GLS method into different types of heat transfer problems 

in steady-state heat conduction [180]. 

 

The Least Squares Method and its generalized formulation is the tool used in many branches 

of science and its practical implementation and modification are currently under development.  

Bendig et al. applied the Least Squares methodology in the enhanced data reconciliation to 

the analysis of a heat exchanger including time intervals [181]. Singhmaneeskulchai 

investigated the applicability of dynamic data reconciliation in a hot-oil heat exchanger for 

validating energy consumption [182]. The published applications of the GLS method to the 

energy engineering problems include also the analyses of the methane/steam reforming 

process, which are partially presented in this dissertation [183–185] 
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2.3 Least squares method – Legendre formulation  
 

The least squares method is based on the Legendre’s postulation. The results of K consecutive 

measurements uk: can be presented as the sum of an unknown variable u* and experimental 

error vk: 

 uk = u
* + vk  (2.3) 

 

The goal of the least squares method is to find such values of the experimental errors vk,, that 

the total value of their squares will be minimized: 

 vk
2

k=1

K

∑ = u* −uk( )
2

k=1

K

∑ →min  (2.4) 

 

Additional restriction given for the experimental error distribution is the assumption about 

fulfilling the normal distribution with mean value equals zero and variance σk
2: vk~N(0, σk

2). 

The normal distribution ensure the supply of the following properties: 

 

 E vk( ) = 0  (2.5) 

 E vk
2( ) =σ k

2  (2.6) 

 

 for  k =1,2,...,K  (2.7) 
 

where  is expected value, and σk
2 - variance of the K measurement. A consequence of the 

Legendre’s formulation is the conclusion that the best estimate of a series of equally accurate 

measurements is their arithmetic average: 

 

 u* = uk =
1
K

uk
k=1

K

∑  (2.8) 

 

The variance of the result is equal to  

 

 σ 2 u*( ) = σ
2

K
 (2.9) 
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Analogically, it can be proved that for measurements with different accuracy  the best 

approximation of real value is weighted average with weights inversely proportional to the 

value of the measurement errors: 

 

 u* =

uk
σ k
2

k=1

K

∑

1
σ k
2

k=1

K

∑
 (2.10) 

 

with the following estimation of variance: 

 

 σ 2 u*( ) = 1
1
σ k
2

k=1

K

∑
 (2.11) 

 

2.4 Least Squares Method 
 

The Least Squares Method can be applied to complex problems of  co-ordination and data 

adjustment. The basic formulation of the Least Squares Method provides a methodology for 

solving the modelling problem defined by the nonlinear equation sets consisting of algebraic 

functions and differential equations describing the governing equations of the problem. First, 

assume that the considered problem is described by a set of J algebraic equations: 

 

 
    
f j u*,x*( ) = 0,  j = 1,2,,J( ), u* =

u1
*

u2
*

!
uK

*

!

"

#
#
#
#
##

$
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&
&
&
&
&&

     and   x* =

x1
*

x2
*

!
xN
*

!

"

#
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#
##

$

%

&
&
&
&
&&

 (2.12) 

 

where u* is the K-elements vector of the quantities to be measured and x* is the N-elements 

vector of the quantities to be solved by numerical computation [173]. Although for the 

measured values u and the approximations of the unknowns x the equation set is not precisely 

fulfilled: 
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f j u,x( ) = −wj ,  j = 1,2,,J( ),  

    

u =

u1

u2


uK

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

    and    x =

x1

x2


xN

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

 (2.13) 

 

where wj designates the residual of the j-th equation [173]. Real values u* and x* are the sum 

of the measurements and approximations of unknowns (u and x) and corrections (v and y): 
* = +u u v and * = +x x y . Therefore, it can be written as the formula in Eq. (2.14) [173]: 

 

 
    
f j u+ v,x + y( ) = 0,  j = 1,2,,J( ),  

    

v =

v1

v2


vK
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⎜
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⎠
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    and    y =

y1

y2


yN

⎛

⎝

⎜
⎜
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⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
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 (2.14) 

 

Moreover, it is assumed that the experimental errors sk of measurements satisfies the normal 

distribution with the mean value equals zero and variance 2
kσ : ( )2~ 0,k ks N σ . 

 

According to the assumptions, 
   
f j u,x( )  is the unrestricted algebraic function. The first step in 

the application of the classical theory of Least Squares is linearization of the constraint 

equation. If the fj functions are differentiable, they can be presented in the form of a Taylor 

series in the neighbourhood of point P(u,x). The linearization of  function fj is the first order 

term of its Taylor expansion around the point of interest. Then, the method developed for  

linear constraints is extended to nonlinearly constrained problems [186]. After  linearization, 

the constraint equations can be written in  matrix form: 

 

  Av +By = w  (2.15) 

 

where A =
∂f j
∂uk

 is J×K  Jacobi’s matrix and B =
∂f j
∂xn

 is J×N Jacobi’s matrix [176]. The LS 

method assumes the minimization of the following function [179]: 
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Φ v( ) = vTCS

−1v =
vk

σ k

⎛

⎝⎜
⎞

⎠⎟k=1

K

∑
2

→ min   (2.16) 

 

where CS is the covariance matrix with the measurement variances   σ k
2  on the diagonal and 0 

on the other positions (due to the independence of the variables): 

 

 

   

CS =

σ 1
2 0

σ 2
2


0 σ K

2

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

 (2.17) 

 

The method of Lagrange multipliers is applied in order to achieve the extreme and find 

corrections; the Lagrange function is defined as: 

 

    L = vTCS
−1v − 2kT Av +By − w( )  (2.18) 

 

where k is the Lagrange multipliers vector rank J. The function  Φ v( )  achieves the minimum 

with the simultaneous fulfilling of the equation set (2.15), when the derivative of the 

Lagrange function L is equal to zero: 

 

 
   
dL = ∂L

∂v
dv + ∂L

∂y
dy = 0  (2.19) 

 

Equation (2.19) provides the following equation set: 

 

 
  

CS
−1v − ATk = 0

BTk = 0

⎧
⎨
⎪

⎩⎪
 (2.20) 

 

After solving the equation set and performing an appropriate mathematical conversion, the 

final formulas defining the correction vector for measurements y and unknowns v are 

derived [173]: 
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( )

1 T 1

T 1

− −

−

=
= −s

y G B F w
v C A F w By

 (2.21) 

 

where F and G are auxiliary variables: 

 

   F = ACSAT  (2.22) 

   G = BTF−1B . (2.23) 

 

2.5 Generalized Least Squares Method 
 

The Generalized Least Squares (GLS) method (Unified Least Squares method) was 

introduced by Mikhail and Ackermann in 1976 [187]. The classical definition of the least 

squares method assumes that the rank of matrix A is equal to the amount of model equations 

J. However, in many practical problems the least squares method cannot be conveniently 

applied, because of the computational problem connected with the formulation of the 

constraint equations set. When the number of equations fj is different than the amount of 

measured values uk the primary assumption of the LS method is not fulfilled [188]. Thus, 

Eq. (2.21) proposed in that classical method cannot be used because matrix F-1 does not exist 

and det F( ) = det ACSAT( ) = 0  [188]. Therefore the modified approach has to be used 

 

The most important assumption of the GLS method is that all model variables (measured 

values u and unknowns x) are observations and are treated numerically in the same manner 

[175]. The only difference between them is the assumption that the errors of the unknowns are 

much bigger than the errors of the measured values (sk>>sn) [176]. 

 

After the linearization of the model equations the constraints can be written: 

 

 ABVB = w  (2.24) 
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where [ ]=BA AB and  VB = [ v
T yT ]T and then the covariance matrix has the following 

form: 

 
0

0
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

S
B

SX

C
C

C
 (2.25) 

 

where CS and CSX are the covariance matrices with diagonals consisting of variances of 

measurements 2
kσ  and unknowns 2

nσ , respectively [176]. To solve the GLS problem and 

minimize the function ( ),Φ v y , which has the following form: 

 

 ( )
2 2K N

1 1
, mink n

k nk n

v y
s s= =

⎛ ⎞ ⎛ ⎞
Φ = + →⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
∑ ∑v y  (2.26) 

 

the Lagrange multiplier method is used and it gives the following solution [179]:  

 

 T 1 T, where =−=B B B B B B B B BV C A F W F A C A  (2.27) 

 

2.6 Covariance Matrix and errors of the solution 
 

The proposed methods of Least Squares and Generalized Least Squares are superior to other 

numerical approaches because they define a unique formal strategy to evaluate the 

uncertainties characterizing the results after the co-ordination process. The uncertainty 

characterizing the obtained results is expressed in the form of a posteriori covariance matrix 

calculated on the basis of corrected variables. This matrix gives the new error bounds for 

corrected measured data (u, CU) and the theoretically solved variables (x, CX). 

 

To yield new error bounds for the corrected measured data (u, CU) and the theoretically 

solved variables (x, CX), the law of error propagation can be applied. The new covariance 

matrices for the classical LS method can be written: 

 

 

  

CU = CS − SACS

CX = BTT−1B( )−1  (2.28) 
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where ( )T 1 1 T 1− − −= −SS C A F I BG B F  and I is the unit matrix [173]. 

On the other hand, in the case of the generalized approach, the calculated covariance matrix 

of the improved observations has the following form [179]: 

 

 T 1
T

− ⎡ ⎤
= − = ⎢ ⎥

⎣ ⎦
U UX

VB B B B B B B
UX X

C C
C C C A F A C

C C
 (2.29) 

  

The covariance matrix CVB defined by the Eq. (2.29) represents the hyperellipsoid of the 

(K+N)-dimensional normal distribution. The exemplary two-dimensional covariance ellipse is 

presented in Fig. 2.2. The covariance ellipsoid is the hypersurface in the (K+N)-dimensional 

space and is always inside the (K+N)-dimensional cuboid defined by the central point 

P’(u*,x*) and the square roots of the diagonal elements of CVB which represent the lengths of 

the cuboid edges. The covariance hyperellipsoid touches the cubicoid at 2(K+N) points and 

its volume can be calculated using the formula: 

 

 

   

VK+N =
K+N+2( )π K+N+2( ) CVB

Γ 1
2

K+N( ) +1
⎛
⎝⎜

⎞
⎠⎟

 (2.30) 

 

where Γ  is the Euler’s gamma function [179]. 

 

Generally, it can be noted that the lines of constant probability are ellipsoids similar to the 

covariance ellipsoid. Those ellipsoids are situated inside (outside) of it for larger (smaller) 

probability. For the largest probability, the ellipsoid collapses to the central point [189]. Thus, 

it can be pointed out that conditions for achieving the global minimum can be presented 

equivalently as the minimization of the hyperellipsoid’s volume and the minimization of the 

covariance matrix’s determinant [179]: 

 

 ( ) ( )
K N

2 2
K+N

1 1

1
min min or min

K+N k n
k n

V σ σ
= =

⎡ ⎤⎛ ⎞→ +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦
∑ ∑VBC  (2.31) 
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The presented formula can be used for the falsification of different mathematical models 

describing the examined physical phenomena. 

 

 
Figure 2.2 Hyperelipsoid of the bivariate normal distribution 

 

2.7  Formation principles of constraint equations 
 

The critical step in the application of the Least Squares and Generalized Least Squares 

algorithms is the definition of the constraint equation set, which describes the physical laws 

governing the observed phenomena. The general approach to the formulation of the condition 

equation in the theory of the co-ordination of the material and energy balances assumes that 

all of the balance equations are determined for the space limited with the balance cover [190]. 

The investigated system can be further divided for the subsystems limited by the separated 

balance covers if it is necessary. Commonly, the number of balance covers should be equal to 

the number of the parts under investigation and the balance covers should cover the whole 

system [190].  

 

The generally used types of the equation in the field related to  energy engineering are the 

material and energy balances. The constraint equation set includes the balances of the  

principal elements, the sum of the substantial fractions of the materials, the relations 

concerning the mineralogical composition of the materials and the energy balances defined 

for the separate balance covers. 
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The substantial balances of the principal elements are defined for each of the balance covers. 

The constraints create a system of non-linear equations and their number is equal to the 

product of the defined balance covers and the principal elements in the system [190]. The 

amount of the substances is defined in mol or as the molar flow rates in mol s-1 and the 

general form of the equation is: 

 

 Fj
i = Fj

o +ΔFj  (2.32) 

 

where Fj
i  [mol s-1] is the molar flow rate of the j-th principal element carried in with 

substrates, Fj
o [mol s-1] is the molar flow rate of the j-th principal element carried out with the 

product and ΔFj [mol s-1] is the increase of the amount of the substance of the j-th principal 

element in the system. 

 

In the case of an investigation of the system in stationary or periodically quasi-stationary 

states the simplified approach is applied. The assumption is that there is no increase in the 

amount of the substances in the system, so the substantial balances are simplified to the form: 

 

 Fj
i = Fj

o  (2.33) 

 

The second group of the constraint equations are the sums of the substantial fractions of 

components of substrates and products, which are linear functions. 

 

The next group includes the mineralogical composition of some materials. A definition of 

those linear equation is usable in the systems where some of the detected elements existed in 

the form of more complex substances. The complete bounding of the chemical groups 

detected in the analysis can be achieved, as exemplary bounding CO2 and SO3 which are 

natural components of limestone and dolomites. 

 

The equations of energy balances are created in the analogical way as the substantial 

balances, separately for the different balance covers. The general form of the equations is: 

 

 E i = Eo +ΔE  (2.34) 
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where Ei  [J] is the energy supplied to the system, Eo  [J] is the energy led out of the system 

and ΔE [J] is the increment of the energy of the system. 

 

In order to simplify the considerations, the system is often assumed to be in the steady state, 

when the increment of the energy of the system is not observed ΔE=0. The energy balances 

form the set of the non-linear equations, which number is equal to the number of balance 

covers in the system [190]. 

 

The set of the constraint equations must be always adjusted to the analysed problem. 

Essentially the model equations should include all of the fundamental psychical laws 

governing the observed psychical phenomenon. On the other hand, the benefit of applying the 

Least Squares and Generalized Least Squares, is the possibility of applying a black-box 

approach, where no artificial assumptions are necessary. This approach results in  higher 

veracity and easier scalability of the proposed analysis.  
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3 Mathematical methodologies of 
deriving the methane reforming 
kinetic  

The mathematical baseline of the methodology and numerical algorithms incorporated into 

the calculations of the reaction kinetic of the methane/steam reforming are presented. All of 

the presented algorithms, particularly, all of the codes for the preliminary calculations of the 

kinetic parameter according to the modified method and Arrhenius plot calculations, as well 

as the simulation algorithm, are implemented in C language.  

 

3.1 Mathematical description of the methane/steam reforming process 

  

Methane/steam reforming is the conventional method for hydrogen production. The chemical 

reactions governing the process are following [147]: 

 

Methane/steam reforming reaction:   CH4 +H2O→ 3H2 +CO  (3.1) 

Water-gas-shift (WGS) reaction:  2 2 2CO+H O H +CO↔  (3.2) 

 

The Methane/Steam Reforming reaction (MSR) described by Eq. (3.1) is slow and highly 

endothermic, whereas the accompanying water-gas-shift reaction (WGS) presented by Eq. 

(3.2) is slightly exothermic and a quick process. The reaction enthalpies are 206.2 kJ mol-1 

and -41.2 kJ mol-1 at 25 oC respectively for the MSR and SR reactions. Therefore, the overall 

process is highly endothermic and a substantial supply of thermal energy is required to 

maintain the reaction temperature. The water-gas-shift reaction is considerably faster than the 

Methane/Steam Reforming reaction and can be assumed to be in equilibrium at the reforming 

temperature [123,153,191], so the overall rate of the process is determined by the MSR 

reaction kinetic. Moreover, the conversion of methane along the reformer depends not only on 

the local temperature distribution, but also on the partial pressures of the particular chemical 
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species. The other influential factor deciding the reaction rate is the catalyst active area 

derived from the catalyst density and microstructure of the material in the case of reforming 

conducted directly on SOFC anode [151,192]. 

 

In the literature [32,37,39,148], many approaches to modelling and describing methane/steam 

reforming can be found. The reforming process on the Nickel catalyst is the heterogeneous 

catalysis, where the phases of the catalyst and reactants differ.  The kinetics of the reforming 

process can be described by one of three concepts:  

 

• General Langmuir-Hinshelwood kinetics, which includes detailed steps of the 

heterogeneous catalysis processes [37] 

 

and the more generalized approaches, especially important in numerical modelling of the 

complex energy systems: 

 

• first order reaction with respect to methane [32,123,150] 

• power law expressions derived from data fitting [113,125,147,148,151–153].  

  

Langmuir-Hinshelwood kinetics approach is based on the description of surface species 

reactions. The classical derivation of the mechanistic scheme was presented by Xu and 

Froment [37], who proposed that the rate determining step is a reaction of absorbed carbon 

and oxygen species, therefore the reaction rate depends on partial pressures of water, methane 

and hydrogen: 

 

1.   CHO* +* CO* + H*  (3.3) 

2.   CO* +O* CO2
*  (3.4) 

3.   CHO* +O* CO2
* + H*

 (3.5) 
 

The second approach dominant in recent research is based on the assumption, that the rate-

determining step of the process is dissociative adsorption of methane. The derived elementary 

reactions model has the following forms [32,128]: 

 

I.   CH4 + 2* CH3
* + H*  (3.6) 
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II.   CH3
* +* CH2

* + H*  (3.7) 

III.   CH2
* +* CH* + H*  (3.8) 

IV.   CH* +* C* + H*
 (3.9) 

V.   H2O+ 2* HO* + H*  (3.10) 

VI.   C
* +O* CO* +*

 (3.11) 

VII.   C
* +O* CO* +*

 (3.12) 

VIII.   C
* + HO* CHO* +*

 (3.13) 

IX.   CHO* +* CO* + H*
 (3.14) 

X.   CO* CO+*
 (3.15) 

XI.   2H* H2 + 2*  (3.16) 

 

where * denotes an active site of the catalyst. General agreement is on the dominating role of 

reaction I. However there is disagreement if reactions V and VII should also be considered as 

the rate determining steps [39]. The different studies incorporating the Langmuir-

Hinshelwood approach for deriving kinetics proposes various final equations [39]. The 

exemplary reforming reaction kinetics derived from the Langmuir-Hinshelwood approach 

were presented by Peters [38], who followed the classical reaction set composed of 

reactions 1-3 (Eqs. (3.3), (3.4) and (3.5)): 

 

   

r = k
Kad ,CH4

Kad ,H2O pCH4
pH2O

1+ Kad ,CH4
pCH4

+ Kad ,H2O pH2O + Kad ,CO pCO( )2

 

(3.17) 

 

and by Bebelis [193], who assumed reactions I and VII as a rate determining step: 

 

   
r = kad ,CH4

pCH4
1−

kad ,CH4

kVII Kad ,H2O

pH2
pCH4

pH2O

⎛

⎝
⎜

⎞

⎠
⎟

 

(3.18) 

 

One of the possible explanations of the variation in the proposed reaction equations is that 

reactions I and VII are both dominating the overall process, but in the different temperature 

ranges. It is postulated that dissociative adsorption of methane (reaction I) is kinetically 
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controlling at high temperatures, while carbon oxide formation (reaction VII) is dominant in 

lower ones [194,195]. Moreover, many different expressions with different constants and 

acceptable fit to the experimental data can be derived from the Langmuir-Hinshelwood 

scheme. It is especially influential when the dominant reaction, and therefore the reaction 

kinetics of the process, can be potentially varied with changes in temperature. 

 

The investigation by Wei and Iglesia uses the method of isotopic tracing the elementary steps  

of the steam reforming and water-gas-shift reaction [32]. They concluded that they are in 

quasi-equilibrium and the rate-determining step is reaction I. Therefore, the overall expression 

for the methane/steam reforming reaction with water-gas-shift reaction and hydrogen 

formation is first order dependence in relation to methane partial pressure. The results of 

investigations are summarize in Fig. 3.1. 
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Figure 3.1 Sequence of the elementary steps for the methane steam reforming on the Ni catalyst 

according to Wei and Iglesia [32] 
 

Wei and Iglesia conducted also wide research on the kinetic of the reforming process on 

various catalysts by the packed bed method [32,154,196,197]. The result were fitted for the 

general expression in approach to equilibrium, where net CH4 conversion is determined as: 
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rn = rf 1−

Qsr

Ksr

⎛

⎝⎜
⎞

⎠⎟  
(3.19) 

 

where rf denotes the forward reaction rate, Ksr stands for the equilibrium constant for steam 

reforming and Q is expressed by the following formula: 

 

   
Qsr =

pproducts∏
preactants∏  

(3.20) 

 

It was found that the forward reaction is dependent only on the partial pressure of methane, 

with no correlation to partial pressures of other species, including that of a reforming agent. 

The kinetic was summarized in the form of a simple equation for all of the examined 

catalysts: 

 

   
rf = kpCH4

 
(3.21) 

 

A similar approach was presented by the classical work of Achenbach and Riensche [123] 

who studied methane/steam reforming kinetic dedicated for SOFC application. The proposed 

methodology was analogical to the study done by Wei and Iglesia, and the final result stated 

the first order dependency on methane. 

 

It can be noted that the first order kinetic with respect to the partial pressure of methane is 

equivalent to the Langmuir-Hinshelwood approach with the additional assumptions: 

 

• there is only one rate-determining step and the rate-determining step is dissociative 

adsorption of methane (reaction I) 

• the surface is not covered with other adsorbents 

 

The second assumption is valid in the high temperature and low pressure conditions and those 

conditions are applicable for standard kinetic derivations. 

 

All of the presented approaches, especially the Langmuir-Hinshelwood methodology, are 

built on a supplementary assumptions according to the system description, as the quasi-
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equilibrium state, one dominating species on the surface of the catalyst or the single rate-

determining step. The alternative description of the methane/steam reforming reaction 

kinetics is expressed in the form of power law expression, which is a most general equation 

formula, not giving additional conditions and not tracking the elementary steps of chemical 

reactions. The general form of the kinetic equation is formulated as: 

 

   
rCH4

= kpCH4

a pH2O
b pH2

c pCO2

d pCO
e

 
(3.22) 

 

In the power law expression approach, general agreement was achieved that the reaction 

orders of hydrogen, carbon dioxide and carbon oxide, c, d and e respectively, are equal or 

close to zero. However, the reaction orders of methane and steam, a and b respectively, as 

well as reaction constant k differs significantly in various studies. 

 

In the present study, the primarily assumed form of the equation describing the 

methane/steam reforming reaction kinetic is derived by the power law expression with respect 

to the partial pressures of methane and steam. This approach provides the most general 

derivation without additional assumptions and simplifications [39] and is superior to the 

second modelling concept - first order reaction with respect to methane. The power law 

expression could be reduced to the first order reaction equation if the measured kinetic would 

be independent of the influence of the steam partial pressure. Moreover, for the modelling of 

complex SOFC systems, determining the overall reaction rate with the power law equation 

seems to be the most appropriate approach from the numerical point of view. The time 

effectiveness of the model requires a fast convergence algorithm providing the correct 

prediction of the anode behaviour – to achieve those objectives usually the power law form of 

the equation is adopted [113,115,116,131,198]. 

 

3.2 Power law expression adopted for the evaluation of the reaction kinetics 
 

In the power law expression with respect to the partial pressures of methane and steam, the 

reaction rate of the methane/steam reforming reaction can be presented in the form of the 

following equations: 
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( ) ( )4 2CH H O

exp

a b
r k p p

Ek A
RT

=

−⎛ ⎞= ⎜ ⎟⎝ ⎠

 (3.23) 

 

where r  is the reaction rate [mol s-1 g-1], k is the reaction constant, 
4CHp and 

2H Op are the 

partial pressures of CH4 and H2O [Pa], a and b are the reaction order coefficients, A [-] is the 

pre-exponential factor [mol g-1 s-1 Pa-(a+b)], E is the activation energy [J mol-1], R is the 

universal gas constant (R = 8.314 J mol-1 K-1) and T is the temperature [K]. On the other hand, 

the rate of water-gas-shift reaction rshift [mol s-1 g-1] is calculated as: 

 

 rshift = Kshift
+ pCO pH2O − Kshift

− pH2 pCO2  (3.24) 

 

where 
2H

p , 
2COp , COp  and 

2H Op are the partial pressures of H2, CO2, CO and H2O [Pa]. Kshift
+  

and Kshift
−  stands respectively for forward rate constant and backward rate constant [-].The 

water-gas-shift reaction is a fast process and reaches equilibrium instantaneously, therefore it 

is assumed that the partial pressures of the species satisfies the equilibrium equation and this 

chemical equilibrium is represented by the equilibrium constantKshift  [-]: 

 

 
  
Kshift =

K
shift

+

K
shift

− =
pH2

pCO2

pCO pH2O

 (3.25) 

 

On the other hand, the equilibrium constant is the temperature function: 

 

 Kshift = exp
  
Kshift = exp

−ΔGshift
0

RT
⎛

⎝⎜
⎞

⎠⎟
 (3.26) 

 

where,   ΔGshift
0  denotes the change in standard Gibbs free energy of water-gas-shift reaction [J 

mol-1], R is the universal gas constant [J mol-1 K-1], and T determines the reaction 

temperature [K]. 
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It can be concluded that the reforming process is defined by the values of the empirical 

parameters describing the reaction: reaction order coefficients a and b, activation energy E, 

and a pre-exponential factor A. Therefore, in order to achieve the primeval goal, establishing 

the methodology for the evaluation of the reaction kinetics of the reforming process, two steps 

has to be accomplished; proposing the methodology of determining empirical constants a, b, 

A and E and then building a model to find the composition of the reformed gas.  

 

3.3 Methane/steam reforming reaction in a Plug Flow Reactor 
 

The assumed reactor model is a Plug Flow Reactor (PFR) used to describe the chemical 

process in continuous, flowing system of cylindrical geometry. The PFR systems are operated 

under steady-state conditions with no accumulation of mass in the volume – the flow is 

entering an open system and leaving its boundaries of reaction zone. For conducting the 

calculation with the model of ideal isothermal PFR, the small volume element (plug) is 

considered under succeeding assumptions: 

 

1. Radial mixing is indefinitely rapid so that each plug of fluid is uniform in the 

distribution of temperature, pressure, composition and etc. 

2. There is no longitudinal (axial) mixing between these plugs as they move through 

reactor 

3. All volume elements move through reactor in the same amount of time [199]. 

 

The schematic idea of modelling Plug Flow Reactor is presented in Fig. 3.2.  The limiting 

reactant A is subject of the mass balance in the differential volume element: the entering rate 

flow of A is equal to the sum of the exuding flow rate of reactant A decreased by the rate of 

the disappearance of A by the chemical reaction [199]: 

 

 FA = FA + dFA( )+ −rA
v( )dVr  (3.27) 

 

where FA is the molar flow rate of reactant A [mol s-1], the  volumetric reaction rate is 

described as rAv [mol m-3 s-1] and dVr is considered the differential volume element. 
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FA"
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fA+dfA"
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Figure 3.2 Schema of plug flow reactor: a differential volume element dVr with flow rate F and 

fractional conversion f of the limiting reactant A [199] 
 

The local molar flow rate of reactant A can be described as the function of local 

dimensionless fractional conversion fA and the initial input flow rate of this reactant 

FA
i [mol  s-1]: 

 

   FA = FA
i 1− fA( )  (3.28) 

 

and after operation of differentiation: 

 

 
  dFA = −FA

idfA

 
(3.29)

 
 

Then, after rearranging equation in Eq. (3.29) and combining it with Eq. (3.28), it becomes: 

 

   

dVR

FA
i = −

dfA

rA
V

 
(3.30)

 

 

which can be integrated over the entire reaction volume: 

 

   

VR

FA
i =

dfA

−rA
VfA

i

fA
o

∫
 

(3.31)
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In the fixed-bed reactor, in the laboratory applications, when the packing density is known, 

then Eq. (3.31) is modified to the dependence of the rate of reaction per unit mass of catalyst 

RA [mol kg s-1] and the mass of the catalyst in the reactor wcat: 

 

   

wcat

FA
i =

dfA

−rAfA
i

fA
o

∫
 

(3.32)
 

 

Generally, in laboratory experimentation, the weight of the catalyst and the input flow of the 

reactant are known. The initial fractional
 
conversion fAi is equals to 0 and the final outlet 

conversion fAo is measured.  

 

3.4 Conversion of methane and basic definitions 

 

The stoichiometry of the fuel reforming reaction and water-gas-shift reaction (in Eqs. (3.1) 

and (3.2)) defines the changes in the chemical composition of the reactants resulting from 

those processes. The changes induced by both of them are presented in Table 3.1. As included 

in Table 3.1, nitrogen has flowed into the reactor, although it does not affect the reforming 

process itself. Nitrogen was used in the experimental studies in order to diversify and 

decrease the partial pressures of other species in the system. The process was conditioned by 

changing the flow rates of the methane, steam and nitrogen in the inlet gas; the abbreviation 

SC stands for steam-to-carbon ratio [-] and NC is nitrogen-to-carbon ratio [-]. The 

dimensionless methane and carbon oxide conversion rate were designated respectively as x 

and y.  

 

On the basis of the stoichiometry of the Steam Reforming reaction and Water-Gas-Shift 

reaction presented in Table 3.1, the following formulas for determining partial pressures of all 

chemical species in the system, methane, hydrogen, water, carbon dioxide, carbon monoxide 

and nitrogen, can be presented: 

 

   
pCH4

= 1− x
1+ SC + NC + 2x

P
 

(3.33)
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pH2

= 3x + y
1+ SC + NC + 2x

P
 

(3.34)
 

   
pH2O = SC − x − y

1+ SC + NC + 2x
P

 
(3.35)

 

   
pCO2

= y
1+ SC + NC + 2x

P
 

(3.36)
 

   
pCO = x − y

1+ SC + NC + 2x
P

 
(3.37)

 

   
pN2

= NC
1+ SC + NC + 2x

P
 

(3.38)
 

 

where P designates the total pressure. Note that the total pressure here should be the one at the 

reaction site, however, it is difficult to determine precisely. Instead of that, the present study 

uses the average pressure at the reaction site inlet and its outlet. This is a very important 

concern for both of the evaluation procedures of the reaction kinetics: classic or modified 

approaches (will be introduced in the next section).   

 
Table 3.1 Changes of the chemical species during the steam reforming process derived on the basis of 

the stoichiometry of the chemical reactions governing the process 
 

Gas Input Flow 

Steam 

Reforming 

Reaction 

Water-Gas-

Shift 

Reaction 

Outlet Flow 

CH4   
F

CH4

i  
  
−x ⋅F

CH4

i  0 
  
1− x( ) ⋅F

CH4

i  

H2O 
  
SC ⋅F

CH4

i  
  
−x ⋅F

CH4

i  
  
− y ⋅F

CH4

i  
  

SC − x − y( ) ⋅F
CH4

i  

H2 0 
  
+3x ⋅F

CH4

i  
  
y ⋅F

CH4

i  
  
3x + y( ) ⋅F

CH4

i  

CO 0 
  
+x ⋅F

CH4

i  
  
− y ⋅F

CH4

i  
  

x − y( ) ⋅F
CH4

i  

CO2 0 0 
  
y ⋅F

CH4

i  
  
y ⋅F

CH4

i  

N2   
NC ⋅F

CH4

i  0 0 
  
NC ⋅F

CH4

i  

Total 
  
1+ SC + NC( ) ⋅F

CH4

i  
  
+2x ⋅F

CH4

i  0 
  
1+ SC + NC + 2x( ) ⋅F

CH4

i  
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The conversion rate (fractional conversion) of methane can be calculated on the basis of the 

composition of the outlet gas as it was presented by Itoh et al. [184,200]: 

 

   
x =

mCO + mCO2

mCO + mCO2
+ mCH4  

(3.39)
 

 

where mCO , mCO2 and mCH4  are the output molar fraction of carbon oxide, carbon dioxide and 

methane. On the other hand, the conversion rate of the carbon oxide y, resulted from water-

gas-shift reaction (Eq. (3.2)), is estimated on the basis of the equilibrium reaction (Eq. (3.25)), 

where the partial pressures of the chemical species are defined by formulas Eqs. (3.33), (3.34), 

(3.35), (3.36), (3.37) and (3.38): 

 

   Ksh x − y( ) SC − x − y( ) = y 3x + y( )  (3.40) 

 

After solving the above mentioned quadratic equation, the carbon monoxide conversion rate 

is determined as: 

 

   
y =

Ksh ⋅SC + 3x − Ksh ⋅SC + 3x( )2
− 4Ksh Ksh −1( ) SC ⋅ x − x2( )

2 Ksh −1( )  
(3.41)

 

where Kshift is determined as the temperature function from Eq (3.26). 

 

The theory of the Plug Flow Reactors mentioned in Section 3.3 can be in particular applied to 

the methane/steam reforming process conducted in the present experimentation. The 

dimensional fractional conversion of methane in the reforming process is defined with the 

dimensionless conversion rate of methane x : 

 

   
FCH4

= FCH4

i 1− x( )
 

(3.42)
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Figure 3.3 presents the correlation between weight of the catalyst in the Plug Flow Reactor
 

and the flow rate of methane at the reactor outlet. Generally, a larger amount of catalytic 

material, increases the conversion of methane and finally decreases the flow rate of methane 

at the outlet. This observation is valid only for the case when the amount of catalyst is smaller 

than weq; in opposite, when the amount of catalyst is larger , the reaction is in the equilibrium 

state and no further changes in the amount of reformed methane can be observed. The kinetic 

of the reaction can be investigated only if the reaction is conducted in the conditions ensuring 

the non-equilibrium state of the process. In light of preceding restrictions and observations 

derived in Section 3.3, the correlation between the change in the flow rate of methane and the 

change in the amount of the catalyst can be expressed as the non-equilibrium reaction rate: 

 

   
r = −

dFCH4

dwcat  
(3.43)

 

 

where 
  
FCH4

 is defined by formula (3.42). 
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Figure 3.3 Methane flow rate in a function of catalyst weight [94] 

 

Formula in Eq. (3.39), presented for the methane conversion rate, can be expressed in the 

form of the following differential equation: 
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wcat

FCH4

i =
dx
−r0

x

∫
 

(3.44)
 

 

and by combining it to Eq. (3.39) the final form of the equation defining the reaction constant 

k is derived (the partial pressures of the chemical components in the system are calculated by 

the formulas in Eqs. (3.33), (3.34), (3.35), (3.36), (3.37) and (3.38), and derived from the
 

composition of the reactants and products and the stoichiometry of the reactions): 

 

   

k =
FCH4

i

wcat

1+ SC + NC + 2x( )a+b

1− x( )a
SC − x − y( )b

Pa+b
0

x

∫ dx
 

(3.45)
 

 

where a and b are coefficients relevant to the reaction orders on the partial pressure of 

methane and steam, respectively. 

 

3.5 A standard approach for the analysis of the reaction order coefficients 
 

The first step for determining the methane/steam reforming reaction kinetics proposes an 

algorithm to estimate the values of reaction constant for various different sets of methane and 

water flow rates, respectively for determining reaction orders a and b. In the chemical 

kinetics, the reaction order coefficient is the order of reaction with respect to a given 

substance (here methane for reaction order a and steam for reaction order b). The reaction 

order is defined as the index or exponent, to which the concentration of this substance in the 

rate equation is raised. The reaction orders depend on the reaction mechanism and can be 

determined experimentally.  
  
Two approaches are proposed to evaluate reaction orders in the methane/steam reforming 

process: classical and modified. In the classical approach for the estimation of the a and b 

parameters, their values are calculated separately and laborious experimental measurements, 

divided for two independent data sets, have to be conducted. The experiment is based on the 
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assumption, that constant partial pressure is preserved for one of the species: steam or 

methane. 

 

The determination of the coefficient a is done on the basis of measurements conducted with 

the constant partial pressure of water and the varying partial pressure of methane. Those 

conditions are achieved by the manipulation of the flow rates of methane and nitrogen and 

maintaining the constant flow of water. The Steam-to-Carbon SC and Nitrogen-to-Carbon NC 

ratios are various for every measurement point. 

It can be noticed that the reforming reaction constant k depends only on the temperature of 

reaction as it is described in the formula: 
  

k = Aexp
−E
RT

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

. Because the partial pressure of 

water is assumed to be constant, the new modified parameter k’ can be defined:  

 

 
  
k ' = k pH2O( )b

 (3.46) 

 

It can be noticed that the value of this parameter depends only on the reaction temperature 

k’=f(T), it is also constant at a certain level of temperature: 

 

   T = const → k ' = const  (3.47) 
 

Therefore, the reaction rate equation can be rewritten as: 

 

 
  
r = k ' pCH4

( )a
 (3.48) 

 

After the transformation, the following linear equation can be obtained: 

 

 
  
ln r( ) = ln k ' pCH4

( )a⎛
⎝⎜

⎞
⎠⎟ = a ln pCH4

( ) + ln k '( )  (3.49) 

 

It is denoted that   ln k '( )  is a constant value in the case of a constant temperature. Hence, on 

the basis of the Eq. (3.49) and the linear approximation of the experimental results presented 

in a logarithmic graph, the parameter a can be found. 
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Reaction order coefficient b can be calculated in the same manner as the coefficient a was 

calculated. The measurements are conducted with the constant partial pressure of methane 

and the changing partial pressure of water. Those conditions are assured by keeping a 

constant flow rate of methane and a changing a flow rate of water and nitrogen, which results 

in the various SC and NC ratios. To approximate the value of b the new reaction constant k’’ 

is defined: 

 

 
  
k '' = k pCH4

( )a
 (3.50) 

This new parameter has constant value at a constant temperature. 

 
   T = const → k '' = const  (3.51) 
 

Therefore, the reaction rate equation can be rewritten as: 

 

 
  
r = k '' pH2O( )b

 (3.52) 

 

After the transformation, the following linear equation can be obtained: 

 

 
  
ln r( ) = ln k '' pH2O( )b⎛

⎝⎜
⎞
⎠⎟ = bln pH2O( ) + ln k ''( )  (3.53) 

 

As previously denoted,   ln k ''( )  is a constant in the case of a set certain level of temperature. 

On the basis of the Eq. (3.53) and the linear approximation of the experimental results 

presented in a logarithmic graph, parameter b can be found. 

 

In general, in order to determine the values of the parameters a and b in the classical 

approach, the several different experiments need to be performed in various temperature 

conditions with different values of SC and NC ratios. During all experimental investigations, 

it is assumed that the total molar flow rate of substances in the process is all the time constant 

to ensure the constant gas space hourly velocity (GHSV), and the molar flow rate of one of 

the species, water or methane, is kept at a constant. The parameters a and b are determined 

separately, on the basis of different measurement sets conducted at a certain level of 

temperature. The algorithm of the classical approach used to determine reaction orders is 

presented in Fig. 3.4. 
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Figure 3.4 Algorithm of standard approach to evaluate reaction orders a and b 

 

3.6 A modified approach for the analysis of reaction order coefficients 
 

The modified approach for the calculation of the reaction order coefficients a and b is based 

on the combined experimental-numerical methodology proposed by Odegard [147] and 

modified by Brus et al. [59]. The modified method significantly decreases the number of 

necessary experimental measurements and provides the higher independency and reliability 

improved by the reduced experimental errors. As it does not impose the assumption of 

constant partial pressures of any of the species, the approach is more general. The experiment 

is conducted in various temperatures, however, the parameter a and b are considered to be 

calculated simultaneously on the basis of the same experimental measurements. 

 

The modified approach is based on the observation, which was described in the previous 

Section 3.5, that the reaction constant is independent of the assumed SC and NC ratios in the 

constant temperature: 

 

   
k = Aexp

−E
RT

⎛
⎝⎜

⎞
⎠⎟  

(3.54) 

 

Despite this independency during the experimentation step, the SC and NC ratios 

characterizing the experimental conditions were widely and properly dispersed to minimize 

the influence of the possible measurement uncertainties and deviation found on their results. 
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The experimental conditions were set to keep the total inlet flow rate at a constant level. For 

various SC and NC ratios, the reaction constant should have the same value. Different 

combinations of the parameters a and b in the preliminary assumed intervals are tested and 

used to calculate the reaction constants. The values of the reaction constant were compared 

with the experimental results from the conditions, at which widely dispersed SC and NC ratios 

were applied. For each computation conducted for different temperature experimental 

conditions, the possible coefficients a and b, at which the results shows the smallest standard 

deviation found on the reaction constant k, were selected. The relative standard deviation 

RSDk is expressed as follows: 

 

 
   
RSDk =

ki − kave( )2

j=1

n

∑
n ⋅ kave

  i = 1,2,,n( )  (3.55) 

 

where,  n and kave stand for the number of measurements and the average of the reaction 

constant k at each temperature condition, respectively. In this stage, the reaction constant k 

was derived by the following observation presented in Section 3.3: the non-equilibrium 

reaction for the plug flow reactor rate can be described as a ratio between the change in the 

flow rate of methane and the change in the amount of catalyst [199]. Therefore, for constant 

temperatures the reaction constant is the function of the reaction rate parameters: 

 

   

ki = ki a,b( ) = FCH4

i

wcat

1+ SC + NC + 2x( )a+b

1− x( )a
SC − x − y( )b

Pa+b
0

x

∫ dx
 

(3.56)

 
 

The modified algorithm provides a possibility to conduct two types of averaging the result in 

the different temperature conditions: separating calculations for every temperature and then 

using the arithmetical average to obtain final value of the reaction orders or including all of 

the temperatures in the parallel calculation of the summed relative standard deviation for all 

of the temperatures. The later version of the algorithm, assuming the modified averaging 

procedure, is presented in Fig. 3.5. 
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In this study, the range of tested parameters a and b was chosen in accordance with published 

data [59,147,150] as the intervals [0; 1.5] and [-0.5; 0.5] respectively for reaction orders a 

and b. 
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Figure 3.5 Algorithm of the modified approach to evaluate reaction orders a and b 

 
 

3.7 The calculation of activation energy and Arrhenius constant 

 

In order to develop a full kinetic model of methane/steam reforming reaction, the 

approximation of the activation energy and Arrhenius pre exponential factor is necessary. The 

applied method is derived from the formula for temperature dependence of the reaction rates 

proposed by Svante Arrhenius in 1889 [201]. Activation energy E is the minimum that energy 

molecules must possess in order to react.  

 

The Arrhenius plot presents the correlation between logarithms of kinetic constant   ln k( )  on 

the ordinate axis displayed against the inverse temperature 
  
1
T

as abscissa and it can be used to 

find both the activation energy and the pre-exponential factor. The experimental data are 

plotted on the graph; the reaction constant is calculated from Eq. (3.45) with the values of the 

reaction rates estimated in the previous step of derivations by the standard or the modified 

method described respectively in the Section 3.5 and 3.6. Then, the experimental data are 
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fitted as a straight line by the ordinal method of least squares: The slope of the Arrhenius plot 

determines the value of the activation energy and by extrapolating the approximation line to 

the intercept point with the y-axis the pre-exponential factor is calculated. The general idea of 

the Arrhenius plot is presented in Fig. 3.6. 
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Figure 3.6 Arrhenius plot for calculation of activation energy and pre-exponential constant 

 

The linear approximation of the data plotted on the Arrhenius graph has the form: 

 

 
ln k( ) = βline −αline

1
T
"

#
$

%

&
'

 
(3.57) 

 

On the other hand, the equation defining the correlation between the kinetic constant and the 

temperature (in Eq.(3.23)) can be presented in logarithmic form: 

 

   
ln k( ) = ln A( )− E

R
1
T

⎛
⎝⎜

⎞
⎠⎟  

(3.58) 

 

By comparing formulas in Eqs. (3.57) and (3.58) the final values of the activation energy and 

the pre-exponential factor (known as Arrhenius constant) are calculated. 

 

It can be noticed, that the Eq. (3.23) uses as the denominator of the exponential function 

factor containing the gas constant R and temperature T. This form of the Arrhenius equation is 

characteristic, when the formula is depended on the moles of the substance (unit of gas 
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constant R is J mol-1 K-1). When the molecules of the substance are considered, the Boltzmann 

constant replaces the gas constant in the denominator. 

 

3.8 An algorithm for the calculation of reaction kinetics 
 

The outlet gas composition is calculated as the sum of the initial composition and change in 

the amount of every chemical species caused by the occurrence of the reactions. The 

proposition for the calculation algorithm is presented in Fig. 3.7. The inputs to the numerical 

procedure are the conditions of the process: temperature, pressure, amount of the catalyst, 

molar flow rate of methane and the SC and NC ratios. The initial partial pressures are used to 

calculate initial partial pressures of methane and water.  Those values are later used to 

calculate the reaction rate and therefore the changes in the chemical composition and finally 

the gas composition at the outlet of reaction tube. Subsequently, the outlet partial pressure of 

methane and water are calculated from the new gas composition. The procedure is then 

repeated until good convergence is obtained and the partial pressures and gas composition in 

step j+1 are calculated from the composition and changes derived from the condition 

characterizing step j. The output of the numerical procedure is the composition of the 

reformed gas, molar fraction of the each chemical species in the dry gas composition and the 

reforming rate value. 

 

The calculation formulas in the simulation model are derived directly from the mathematical 

description of the process presented in Sections 3.2-3.4. In particular, partial pressures of all 

of the chemical species are calculated on the basis of the conversion rates in the reactions of 

the fuel reforming of methane and water-gas-shift reaction described by formulas in Eqs. 

(3.33), (3.34), (3.35), (3.36), (3.37) and (3.38). The reaction rate Rst [mol min-1] in the system 

is calculated from the assumed amount of catalyst and Eq. (3.23), which particularly has the 

following form: 

 

 
  
Rst = wcatrst = wcat Aexp −E

RT
⎛
⎝⎜

⎞
⎠⎟

pCH4
( )a

pH2O( )b
 (3.59) 

 

The outlet flows of the species is defined as: 
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   ns
o = ns

i + Δns , where s,k  are chemical species of CH4,  H2, CO, CO2,  H2O, N2  (3.60) 

 

where the consumption or the production of each of the chemical substance is calculated as 

follows: 

 

 

  

ΔnCH4
= −Rst

ΔnH2
= 3Rst + Rsh

ΔnCO = Rst − Rsh

ΔnCO2
= Rst

ΔnH2O = −Rst − Rsh

ΔnN2
= 0

 (3.61) 

 
It is assumed that the dry outlet gas consists of methane, hydrogen, carbon monoxide and 

carbon dioxide. The nitrogen used in the experimentation does not influence the pathway of  

the reactions and its molar flow is not changed during the process. Therefore, the molar 

fraction of each species in the dry gas composition of the outlet gas are expressed as: 

 

 

  

ms =
ns

o

nk
o

k
∑

, where s,k  are chemical species of CH4,  H2, CO, CO2  (3.62) 
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Figure 3.7 Schema of the numerical algorithm for calculation of reaction kinetic from the derived 

kinetic equation 
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4 Experimental studies 

The experimental studies were conducted in order to evaluate the methane/steam reforming 

kinetic on various nickel-based catalyst materials.  Experimentation was carried out in the 

plug-flow reactor with two main types of catalyst: commercial Ni/YSZ powder and catalyst 

prepared as crushed, sintered anodes. The anodes were prepared in an analogical process to 

the production of the SOFC electrode, sintered and crushed into fine powder. The 

investigations of the anode powders were carried out to validate the influence of the Ni/YSZ 

volumetric composition on the kinetic of the reaction. In the present chapter the experimental 

setup, measuring procedure and conditions, as well as the investigated catalysts will be 

introduced. 

 

4.1 Experimental setup and methodology 
 

Figure 4.1 shows the schema of the experimental setup with a plug-flow reactor for the 

measurement of the methane/steam reforming reaction kinetic. Three main parts of the system 

can be noted: the inlet part, where the substrate gases are prepared, the reaction part with the 

reformer tube placed in the furnace and the outlet part where the product of the reforming 

reaction is analysed.   

 

The experiment was performed with high purity methane (CH4) supplied from a gas cylinder 

via the mass flow controller and water (H2O) fed by a pump. Additionally, nitrogen (N2) was 

also supplied to the reactor to maintain the reforming conversion rate at a low level and to 

enable deriving the correct reforming kinetics equation, since the reaction has to occur in the 

entire volume of the catalyst. N2 does not have a direct influence on the occurring reactions 

but changes the partial pressures of the components and finally decreases the methane 

conversion rate. Thus, the gas mixture of CH4, N2 and H2O was supplied to the reaction zone. 

CH4 was regulated 200 kPa and supplied with a mass flow controller, N2 was and also treated 

in the same way. H2O was pumped and supplied to the evaporator, which is used at the same 

time as the preheater for heating the gas mixture.  
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Figure 4.1 Schema of  A) reactor and B) experimental setup 

 

The main part of the system is the stainless steel reformer of which the schema is presented in 

Fig. 4.1A. The fine powder catalyst was dispersed to be a homogeneous distribution over the 

quartz wool-made bed located in the middle of the reactor. Then, the catalyst layer was 

covered with the quartz wool and then the half upper of the reactor was fulfilled with Al2O3 

balls. The catalyst is preceded by Al2O3 balls used to prevent a cooling effect of the entering 

fluid and avoid a large temperature gradient in the reformer. The gas mixture reaches the 
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reaction zone with the catalyst after preheating by the electric furnace to the reaction 

temperature. A reformer tube is placed in the electrical furnace with a maximum temperature 

of 800 oC. The preheater and after-heater leads to the maximal temperature of 400 oC, 

however, the temperature was set at 200 oC for both of them during the experimental 

procedure. The temperature of the reactor and the temperature around it are controlled with 

the thermocouples located before and after the furnace as well as by the thermocouple in 

vicinity of the reformer (on the surface and inside of the reaction zone).  

 

After the reforming reaction the exhaust gas was analysed by the gas chromatograph 

(GC390B by GL Sciences). The gas supplied to the gas chromatograph was dried by cooling 

down the gas mixture to 2 oC for the preliminary of the chromatography. Two methods of gas 

detection were used: TCD (Thermal Conductivity Detector) for the methane mCH4
o  and 

hydrogen mH2
o  and FID (Flame Ionization Detector) with a methanizer for the carbon 

monoxide mCO
o  and carbon dioxide mCO2

o  detection, where m stands for the molar fraction of 

the chemical species and superscript o denotes the measurements at the outlet. 

 

Before conducting the measurements, the catalyst was treated at the evaluated temperature of 

600 oC with a mixture flow of 150 ml min-1 nitrogen and 100 ml min-1 hydrogen due to the 

fact that reduction process of NiO. NiO/YSZ had been kept in the reduction process for 6 h 

for the unsintered catalyst and for 2 h for the sintered material. Additional tests were 

conducted to assure the stability of the achieved conversion versus the duration of the 

reduction process to assure that the assumed reduction time is sufficient to fully reduce the 

catalyst. The measurements were carried out with different conditions based on the various 

temperatures (in the range of 500-750 oC), Steam-to-Carbon (SC) ratio (in the range of 2.5 - 

6) and Nitrogen-to-Carbon (NC) ratio (in the range of 0.5 - 6). The details of the experimental 

conditions will be introduced for every experimental case. SC and NC were manipulated to 

satisfy the constant total molar flow rate all of the time in any given condition, in order to 

keep the Gas Space Hourly Velocity (GSHV) constant.  Furthermore, the SC and NC ratios 

characterizing the experimental conditions were widely and properly dispersed to minimize 

the influence of the possible measurement uncertainties in the analysed procedure. 

 

Details of the experimental apparatus are presented in Appendix A. 
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4.2 Analysis of errors of the measuring devices 
 

One of the goals of the present work is the quantitative evaluation of the effect of acceptable 

inaccuracies (caused by the specificity of the measurements) on the reforming performance in 

the form of the rate equation, which is dependent on the empirical parameters. The first step 

in achieving the goal is determining the uncertainty characteristic for every measurement 

device. 

 

During the experimentation the following values were measured and later introduced into the  

the evaluation procedure  of the reaction kinetic: 

 

• Catalyst weight, w [g] 

• Temperature of the reforming process T [oC] 

• Pressure change between inlet and outlet to the reformer tube (used for the estimation 

of the average pressure in the reaction zone) ΔP [MPa] 

• Composition of the inlet gas, defined by: H4 input flow 
  
FCH4 _ v

i  [mL min-1], H2O input 

flow 
  
FH2O_ v

i [mL min-1], N2 input flow 
  
FN2 _ v

i

 
[mL min-1] 

• Composition of the outlet gas, defined by: CH4 molar fraction in products 
  
mCH4

o [-], 

H2 molar fraction in products 
  
mH2

o [-], CO2 molar fraction in products 
  
mCO2

o [-], CO 

molar fraction in products   mCO
o [-] 

 

The experimental error of the catalyst weight measurement was estimated on the basis of the 

measurement accuracy of the laboratory scale. The catalyst weight uncertainty was assumed 

as:   σ w = ±0.0005 g . 

 

The process temperature was measured by the thermocouple K type by Ichimura Metals and 

the controller by YOKOKAWA UT150. The uncertainty of the measurement is consistent 

with the effect of the measurement device, the effect of electricity fluctuation in the grid and 

the influence of the ambient temperature. The temperature measurement error is determined 

as: 
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   σ T = ± 2+ 0.0007 ⋅T( )   (4.1) 
 

The pressure difference between the inlet and outlet of the reformer was measured by the 

detector from NAGANO KEIKI. The measurement uncertainty of the gauge was assumed as:  

 

   σ ΔP = ±0.3% ⋅ ΔP[MPa]   (4.2) 
 

It can be noticed, that the measured value of the pressure difference has minimal influence on 

the final results. In the kinetic description the incorporated parameter is the average pressure 

in the reformer tube, which is in fact calculated from the following formula (it is assumed, 

that the outlet pressure is 1 atm.): 

 

 
  
P = 10000

1013.2
ΔP +1[atm]   (4.3) 

 

By the applying the fundamental error propagation law: 

 

 
  
σ y

2 = ∂xi
2 ∂y

∂xi

⎛

⎝⎜
⎞

⎠⎟

2

i
∑   (4.4) 

 

 

the uncertainty of the average pressure P is  calculated: 

 

   σ = 4.9σ ΔP   (4.5) 
 

Table 4.1 Measurement uncertainty for the measured pressure difference and the averaged pressure 

ΔP [MPa]  σ ΔP [MPa] P [atm]  σ P  [atm] 
Relative error  σ P  

[%] 
0.003  ±9 ⋅10−6  1.015  ±4.41⋅10−5  ± 0.0043% P 

0.006  ±1.8 ⋅10−5  1.030  ±8.82 ⋅10−5  ± 0.0086% P 

0.009  ±2.7 ⋅10−5  1.044  ±1.32 ⋅10−4  ± 0.013% P 

 

The exemplary uncertainties characterizing presser difference 0.003, 0.006 and 0.009 MPa are 

presented in Table 4.1. The error of the pressure P was calculated and presented in the form 

of relative error, which for all of the investigated conditions is below 0.00013P. 
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The uncertainty of the flow rates of the input gases, methane and nitrogen, and of water was 

estimated on the basis of the specification of the mass flow controllers and defined as: 

 

 σ
FCH4 _ v
i = ±0.002 ⋅FCH4 _ v

i  [ml min-1] (4.6) 

 
  
σ

FN2 _ v
i = ±0.002 ⋅FN2 _ v

i  [ml min-1] (4.7) 

 

for nitrogen and methane gauges. In the case of the flow of water the uncertainty of flow was 

estimated:  

 

 
  
σ

FH2O_ v
i = ±0.002 ⋅FH2O_ v

i  [ml min-1] (4.8) 

 

on the basis of the literature and previous research. The additional test was conducted to 

assure the range of uncertainty for water flow and pump. 

 

After the separation of water from the reformate, the composition of the outlet gas was 

measured by the gas chromatography by the TCD detector to evaluate the ratios of methane 

and hydrogen and by the FID detector to calculate ratios of carbon dioxide and carbon 

monoxide. The errors of gas chromatography were estimated separately for those two 

detectors and they cannot be assumed only on the basis of the device specification, because 

gas chromatography accuracy is depended on many factors as for example the accuracy of the 

calibration curves. In parallel with the experimentation on the methane/steam reforming, 

supplementary measurements of the composition of the Standard Gas with defined molar 

composition were carried out. Those measurements were used to estimate the experimental 

error of gas chromatography by comparing the measured output with the defined composition. 

The presented analysis contains data from years 2009-2015; the Standard Gas tests were 

conducted in parallel with the measurement series of the reforming experiment. In the 

experimentation five cylinders of the Standard Gas with different mixtures of gas were used. 

The composition of the Standard Gases is listed in Table 4.2. A comparison of the real gas 

composition with the Gas Chromatography results is presented in Fig. 4.2. The total number 

of measurements is equal to 182.  
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Table 4.2 Composition of the standard gas used for the evaluation of the gas chromatography 
uncertainty 

 CH4 H2 CO2 CO 
Cylinder 1 28.000 43.218 9.270 3.160 
Cylinder 2 27.600 43.964 9.150 3.150 
Cylinder 3 27.700 43.527 9.210 3.320 
Cylinder 4 27.600 43.540 9.260 3.330 
Cylinder 5 27.900 43.188 9.250 3.350 
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Figure 4.2  The measurements of standard gas composition and the expected value for A) methane, B) 

hydrogen, C)  carbon dioxide and D) carbon monoxide 
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Figure 4.3 Histogram of error distribution for the measurement of the composition of A) methane, B) 

hydrogen, C)  carbon dioxide and D) carbon monoxide in standard gas 
 
 

Table 4.3 Average error and standard deviation for the measurement of the standard gas composition 
by gas chromatography 

 CH4 H2 CO2 CO 
Average of errors -0.1 0.0 0.0 0.0 

Standard deviation of errors 0.64 0.89 0.25 0.45 
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The differences between real composition of the Standard Gas and measured ratios for all 

investigated species, which determines the measurement error, are presented in the form of 

histogram graphs in Fig. 4.3. It can be noticed that all of them have normal distribution with 

expected value 0 for H2, CO2 and CO and -0.1 for CH4. The average of errors and the 

standard distributions are summarized in Table 4.3. In the case of the carbon oxide, though 

the majority of the errors are lower than 0.1, some of the results are much higher and 

considerably increase the value of the standard deviation. 

 

The final errors of the measurement with the gas chromatograph were assumed as the error of 

the measurements by the TCD and FID detectors separately, so that the estimation of the 

uncertainties of methane and hydrogen concentration are the same, and analogically the 

uncertainty of carbon dioxide and carbon monoxide are assumed to have the same value. The 

nominal values of the uncertainties were taken as a higher standard deviation estimated during 

the analysis of the accuracy of Gas Chromatography detectors (TCD and FID) increased by 

10%: 

 

 
  
σ

mCH4
o = ±1 [-]  (4.9)

 
  
σ

mH2
o = ±1 [-]  (4.10)

 
 

  
σ

mCO2
o = ±0.5 [-]  (4.11)

 
 

  
σ

mCO
o = ±0.5 [-]  (4.12)

 
 

4.3 Catalyst material 
 

To investigate the influence of the catalyst properties several various materials were 

experimentally tested. The focus in the study is put on a Nickel/Yttria-Stabilized Zirconia 

catalyst material. The Ni/YSZ cermet is often chosen for the anode material of the SOFCs, 

because it satisfies the following criteria of the requirements: inexpensive fabrication cost, 

high electrical conductivity, high electrocatalytic activity, stability under reducing 

environment, thermal expansion and chemical compatibility with other materials composing 

the SOFC cell layers and it ensures sufficient Three Phase Boundary (TPB) for the 

electrochemical process [85,202–204]. Moreover, a lot of studies on the reaction kinetics of 
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the methane/steam reforming reaction over Ni/YSZ catalysts have been published earlier, and 

numerous inconstancies were found in them.  

 

The investigated catalyst materials are divided into two groups: commercial NiO/YSZ powder 

and NiO/YSZ powders from sintered anode materials. The first one is industrial non-sintered 

material of NiO/YSZ (60:40vol.%), provided by AGC SEIMI CHEMICAL CO. LTD. [205]. 

The material was used to compare derived kinetic with the literatures. 

 

In order to simulate the anode material to derive the kinetic equation applicable for modelling 

the internal direct reforming process, the cermet material was prepared and sintered at an 

elevated temperature. Applied preparation methodology followed the classical methods for 

the fabrication procedure of SOFC anode materials, the so-called solid-phase synthesis. 

Several methods of the cermet preparation were proposed and tested to design the optimal 

strategy, which will be useful to prepare an anode material suitable for electrochemical 

reactions as well as for the reforming process that is expected in the SOFCs. Additionally, the 

catalysts with various volumetric composition ratios of Ni to YSZ were prepared to 

understand the influence of the composition ratio for the reaction rate of the reforming 

process. 

 

The anodes were prepared with YSZ powder and both  Ni and NiO powders. The prepared 

samples can be divided into two groups: Ni/YSZ catalyst materials (prepared compositions 

were 30:70vol.%, 40:60vol.%, 50:50vol.%, 60:40vol.%, and 70:30vol.%) and a NiO/YSZ 

catalytic material (the prepared composition ratio after a reduction process gave the 

composition Ni/YSZ 60:40vol.%). A detailed specification of the prepared anodes is 

presented in Table 4.4. In the preparation process, the commercial 8mol% Yttria-Stabilized 

Zirconia (YSZ), fabricated by TOSOH CORPORATION, was used. NiO and Ni powders 

were acquired from KANTO CHEMICAL CO., INC. To ensure equal distribution of the 

particles, both powders were mixed together in the ball mill continuously for 24 h with 

ethanol or acetone dispersants. Afterwards, the ethanol (or acetone) was evaporated in a 

thermal treatment and the obtained material was mechanically crushed. To provide a proper 

condition for the viscosity of the slurry, which allows for pressing anode tablets, the 

methylcellulose (2% water solution) binder in the form of liquid was added to the NiO/YSZ 

(Ni/YSZ) powder mixture. Methylcellulose (4000cP) power, fabricated by the KANTO 

CHEMICAL CO., INC was used in the present experiment. The pressed anode pellets were 
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sintered firstly at a temperature of 400 oC for 1h to evaporate the binder and then at a 

temperature of 1400 oC for at least 5h. The heating rate during sintering the process was set at 

10 oC/min. The schema of the sintering process is presented in Fig. 4.4. Figure 4.5 presents 

the anodes before and after the sintering process. The size of the NiO/YSZ pellets was 

constricted in the duration of the sintering process, because of the evaporation of the binding 

agent. After preparing the anodes, the pellets were crushed mechanically in the mortar for 48 

h to obtain fine catalyst powder. The schema of the preparation process is presented in 

Fig. 4.6. 

 

Table 4.4 Details of the prepared samples with NiO and YSZ powders 
Ni [%v ] YSZ [%v] Mixing type 

Samples prepared with NiO and YSZ powders 
60 40 no dispersant 
60 40 ethanol 
60 40 acetone 

Samples prepared with Ni and YSZ powders 
70 30 ethanol 
60 40 ethanol 
50 50 ethanol 
70 30 acetone 
60 40 acetone 
50 50 acetone 
40 60 acetone 
30 70 acetone 

 

 

T [oC]

Time [h]

1400

400

5 [h]1 [h]

Furnace cooling

Heating rate: 10 [oC/min]

10-14 [h]
2/3 [h] 5/3 [h]

1 cycle 22 [h]

Sintering an anode sample

 
Figure 4.4  Sintering an anode samples 
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A)# B)#

 
 

 Figure 4.5.A) Anodes before sintering and B) Anodes after sintering 
 

 
Figure 4.6 Catalyst preparation schema 

 

4.4 Size of the catalyst particles 
 

The microstructure of the applied catalyst highly influences the final conversion rate and 

therefore determine the various kinetic equations [151]. In the present study, in order to 

determine the kinetics of the catalysed methane/steam reforming reaction without the 

influence of the mass transport process, a fine powder catalyst was used [81]. It should be 

noted that it is possible to include concentration and temperature gradients in the system 

model, however, in order to obtain accurate overall results a proper reaction kinetic equation 

is necessary. On the other hand, the accurate kinetic equation can seldom, or even never, be 

calculated on the basis of the experimental data influenced by the heat and mass transfer 

limitations [199]. It is crucial to avoid the mass transfer limitations because they can lower the 
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activity of the catalyst, especially in the case of exponentially fast reactions [81,147,152,153]. 

All of the investigated catalysts were prepared to fulfil the preceding requirements. In 

commercial reactors for syngas production, the effects of mass and heat transfer often play 

significant roles.  

 

Generally, to estimate the catalyst surface area that is actually used for the chemical reaction, 

the area and the effective thickness of the cermet for steam reforming are needed. However, 

the discussion about nominal value in the literature is not concluded yet, the Ni catalyst 

effective thickness used for the SOFC dedicated deliberation is 2 µm [151]. All of the 

catalysts used in this study were crushed to obtain fine particles with a radius not exceeding 

the previous value. Therefore, it is assumed that the reforming reaction occurs in the whole 

volume of the catalyst. 

 

The first catalyst used in the experimentation was industrial, not-sintered NiO/YSZ 

60:40vol%, was powder provided by AGC SEIMI CHEMICAL CO. LTD. The catalyst is 

spherical in shape and has a 0.85 µm diameter with a specific surface area 5.2 m2 per 1 g of 

catalyst [205]. The provided raw catalyst samples and the samples after the reforming 

experiment were investigated by the Scanning Electron Microscopy (SEM). Figure 4.7 

presents SEM images of the unsintered industrial catalyst sample before and after conducting 

the measurement. The spherical shape of the cermet particles can be observed in both of the 

pictures, however, the occurring deviation from the ideal shape, especially being noticeable 

for bigger particles, are caused by the rigidity of the sample affecting the crushing process. 

The change in the structure of the catalyst after the experiment is connected with the 

reduction of NiO resulting in higher shredding of the final material.  

 

The SEM pictures were also prepared for samples of the experimentally prepared and sintered 

catalyst. The detailed pictures of the all SEM investigations are presented in Appendix B.1, 

particularly in Figure B.1 for for the industrial NiO/YSZ powders (60:40vol.% and NiO/SDC 

powder) by the AGC SEIMI CHEMICAL CO. LTD., and for the laboratory-scale prepared 

catalysts: Ni/YSZ made of NiO and YSZ powers  to satisfy the composition of 60:40vol.% in 

Fig. B.2, various composition ratios of Ni/YSZ catalysts (70:30vol.%, 60:40vol.%, 

50:50vol.%, 40:60vol.% and 30:70vol.%) in Fig. B.3. 
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A)#NiO/YSZ#60:40%vol#(AGC#Semi#
Chemical)#before#experiment#

B)#NiO/YSZ#60:40%vol#(AGC#Semi#
Chemical)#aCer#experiment#

 
Figure 4.7 SEM measurement of the sample A) before and B) after the conducted experiment for 

industrial non-sintered catalyst  
 

The SEM images of the unsintered (in Fig. 4.8A) and sintered anode (in Figs. 4.8B-C) are 

presented. The organized structure after the sintering process is created by the melted Ni/NiO 

and the powder of YSZ. Generally, the size of the created clusters in the catalyst, prepared 

with the Ni power, after the sintering process is bigger than the catalyst prepared with the NiO 

powder, because of the larger initial Ni particles in the unsintered anode.   

 

Figure 4.9 presents the surface of an anode pellet, of which the diameter is around 10 mm. In 

order to investigate in plug-flow reactor, the anodes were crushed in several ways. The 

crushed powders are shown in Fig. 4.9 for the hand-crushed NiO/YSZ (60:40vol.%) catalyst 

prepared without a dispersant. A mechanically crushed fine powder NiO/YSZ (60:40vol.%) 

catalyst, being prepared with acetone and ethanol dispersants, is presented in Figs. 4.10A and 

4.10B, respectively. The hand-crushed material (with a pestle in a mortar) does not have the 

appropriate size of particles - some of them have still a recognizable structure of sintering and 

are bigger than 10 µm (in Fig. 4.10). On the other hand, mechanical crushing of the sample 

into powder allows for obtaining fine spherical particles of the catalyst (in Fig. 4.10). 
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A)#NiO/YSZ#60:40%vol,#No#fluid,#Not#sintered##

B)#NiO/YSZ#60:40%vol,#Acetone,#Sintered##

C)#Ni/YSZ#60:40%vol,#Acetone,#Sintered#

 
Figure 4.8 SEM images of anodes: A) a unsintered NiO/YSZ (60:40vol.%) catalyst, prepared without 
a liquid dispersant, B) a sintered NiO/YSZ (60:40vol.%) prepared with the acetone dispersant and C) a 

sintered Ni/YSZ (60:40vol.%) catalyst prepared with the acetone dispersant 
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Figure 4.9 NiO/YSZ 60:40% catalyst prepared without the liquid dispersant and prepared by the hand 

crushing process 
 

A)#NiO/YSZ#60:40%#acetone# B)#NiO/YSZ#60:40%#ethanol#

 
Figure 4.10 Mechanically crushed fine powder NiO/YSZ 60:40% catalyst prepared with liquid 

dispersants of A) acetone and B) ethanol  
 

NiO/YSZ(60:40%vol((a3er(experiment)(((

 
Figure 4.11 Observation of the catalyst after the reforming experiment using the SEM technique: 

NiO/YSZ (60:40vol.%) catalyst prepared with the acetone dispersant  
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Additional SEM photography of the NiO/YSZ (60:40vol.%) catalyst, prepared with the 

dispersant of the acetone, after the methane/steam reforming experiment was presented in Fig. 

4.11. The analogical decrease in the size of the catalyst grains for the industrial catalyst by 

AGC SEIMI CHEMICAL CO. LTD. (in Fig. 4.11) can be observed. A more detailed 

observation of the catalyst after the reaction by SEM technique can be found in Appendix B.1 

together with a discussion on the change in the particle size and appearance. 

 

In order to confirm the quality of the powders, the mechanically crushed sample of catalysts 

were analysed by SHIMADZU SALD-DS3 (Free-Fall Type Dry Measurement). The 

exemplary results for catalyst NiO/YSZ (60:40vol.%) prepared without a dispersant are 

presented in Figures 4.12 and 4.13. Detailed measurements are shown in Appendix B.2 for the 

catalysts of NiO/YSZ (60:40%vol) and various compositions of the Ni/YSZ catalyst 

(70:30vol.%, 60:40vol.%, 50:50vol.%, 40:60vol.% and 30:70vol.%) A mode, median, 

average value and standard deviation of the particle diameter for each investigated catalyst 

material is summarized in Appendix B.2 and compared for all of the prepared catalyst 

materials. 

 

In the exemplary case, the examined average size of the particles was given as 0.639 µm with 

a standard deviation of 0.243 µm for the NiO/YSZ (60:40vol.%) catalyst, which was prepared 

the without liquid dispersant. Figures 4.12 and 4.13 show the probability density function and 

cumulative probability distribution of the size of the particles, respectively. The results are 

characterized by the normal distribution of the grains size. 

 

 
Figure 4.12 Size of the particles - probability density function 
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Figure 4.13 Size of the particles - cumulative probability distribution 

 

4.5 Designed Experimental conditions 
 

The proposed experimental conditions incorporated in the measurements are listed in Tables 

4.5 and 4.6. The experimental conditions were set to keep the total molar flow rate at a reactor 

inlet to be at the constant level of F i
total=1.43×10-2 mol min-1 in the case of a smaller total 

molar flow rate (see Table 4.5) and F i
total=4.29×10-2

 mol min-1 in the case of a higher total 

molar flow rate (see Table 4.6). The different levels of the flow rates were incorporated in 

order to assure proper conditions to derive the reaction kinetic for the reactivity of the various 

catalysts investigated. The experimental conditions are divided into three different 

measurements series. In Series 1, experimental conditions with the constant molar flow rate of 

methane and varied SC ratio in the range of 2.5-5.5 were provided. In Series 2, experimental 

conditions with the constant molar flow rate of steam were defined, however the SC ratio in 

the range of 2.5-5.5 was changed while the flow rate of methane is varied. Finally in Series 3, 

the consistent of measurements with widespread distribution of experimental conditions for 

the molar flow rates of water and methane (the SC ratio is in the range of 2.5-6). Different 

measurement series are defined to specify the requirements for the calculation methodologies 

proposed to derive the kinetic of methane/steam reforming. 

 

The set temperatures were in the range of 500-750 oC, generally measurements were 

conducted at every constant interval of 25 oC. However, the precise range depends on the 

particular experimental case. All the experimental conditions kept the SC ratio above the level 

of 2.5, above which carbon deposition is not influential in the investigated temperatures. 
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The correlation between the methane molar flow rate and steam molar flow rate is presented 

in Fig 4.14. The data listed in Table 4.5 with the total molar flow rate of F i
total=1.43×10-2 

mol min-1 corresponds to Fig. 4.14A and data from Table 4.6 with the total molar flow rate of 

F i
total=4.29×10-2

 mol min-1 are shown in Fig. 4.14B. In both charts, data corresponding to 

Series 1 creates a vertical line, and the one corresponding to Series 2 has a horizontal position. 

On the other hand, the data plotting, made of the experimental conditions corresponding to 

Series 3 with the limited number of experimental points, covers the whole area better than any 

of the previous series. 
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Table 4.5 Details of the experimental conditions with a lower total  
molar flow rate F i

total=1.43×10-2
  [mol min-1] 

 

SC [-] NC [-] 
Volume flow rate [ml min-1] Total molar 

flow rate  
[mol min-1] CH4 N2 H2O 

Series 1: Experimental condition with constant molar flow rate of methane 

5.5 0.5 50 25 0.20 1.43×10-2 
5 1 50 50 0.18 1.43×10-2 

4.5 1.5 50 75 0.17 1.43×10-2 
4 2 50 100 0.15 1.43×10-2 

3.5 2.5 50 125 0.13 1.43×10-2 
3 3 50 150 0.11 1.43×10-2 

2.5 3.5 50 175 0.09 1.43×10-2 
Series 2: Experimental condition with constant molar flow rate of water 

2.5 2.3 60 140 0.11 1.43×10-2 
3 3 50 150 0.11 1.43×10-2 

3.5 3.7 43 157 0.11 1.43×10-2 
4 4.3 38 162 0.11 1.43×10-2 

4.5 5 33 167 0.11 1.43×10-2 
5 5.7 30 170 0.11 1.43×10-2 

5.5 6.3 27 173 0.11 1.43×10-2 
Series 3: Experimental condition with widespread distribution 

3 3 50 150 0.11 1.43×10-2 
5 4 35 140 0.13 1.43×10-2 
6 0.5 47 23 0.21 1.43×10-2 
4 2 50 100 0.15 1.43×10-2 
3 1 70 70 0.15 1.43×10-2 

2.5 6 37 221 0.07 1.43×10-2 
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Table 4.6 Details of the experimental conditions with a higher total  
molar flow rate F i

total=4.29×10-2
 [mol min-1] 

 

SC [-] NC [-] 
Volume flow rate [ml min-1] Total molar 

flow rate 
[mol min-1] CH4 N2 H2O 

Series 1: Experimental condition with constant molar flow rate of methane 

5.5 7.5 75 562 0.30 4.29×10-2 
5 8 75 599 0.28 4.29×10-2 

4.5 8.5 75 637 0.25 4.29×10-2 
4 9 75 674 0.22 4.29×10-2 

3.5 9.5 75 712 0.19 4.29×10-2 
3 10 75 749 0.17 4.29×10-2 

2.5 10.5 75 787 0.14 4.29×10-2 
Series 2: Experimental condition with constant molar flow rate of water 

2.5 8.2 90 734 0.17 4.29×10-2 
3 10.0 75 749 0.17 4.29×10-2 

3.5 11.8 64 760 0.17 4.29×10-2 
4 13.7 56 768 0.17 4.29×10-2 

4.5 15.5 50 774 0.17 4.29×10-2 
5 17.3 45 779 0.17 4.29×10-2 

5.5 19.2 41 783 0.17 4.29×10-2 
Series 3: Experimental condition with widespread distribution 

3 10 75 749 0.17 4.29×10-2 
5 20 40 807 0.15 4.29×10-2 
6 11 58 641 0.26 4.29×10-2 
4 12 62 740 0.18 4.29×10-2 
3 8 88 699 0.19 4.29×10-2 

2.5 13 64 826 0.12 4.29×10-2 
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Figure 4.14 Distribution of experimental condition for A) lower total molar flow rate and B) higher 
total molar flow rate  
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4.6 The influence of Gas Hourly Space Velocity 
 

Figure 4.15 shows the representative examples of the conversion rates obtained from the 

experiment on the unsintered NiO/YSZ (60/40vol.%) catalyst. One of the most important 

factors in deriving the proper non-equilibrium kinetic equation are the adequate experimental 

conditions which ensure the conversion rate and reaction rate does not follow the equilibrium 

reaction. This can be achieved by choosing the appropriate amount of catalyst and total flow 

rates of the reaction substances.  

 

The quantity often used in chemical and reactor engineering is Gas Hourly Space Velocity 

(GHSV).  The GHSV defines the quotient of the entering flow of the reactants divided by the 

reactor (or the catalyst bed) volume. The GHSV indicates how many reactor volumes of feed 

can be treated in the unit time. For analysed case the formal definition of the GHSV is 

described as a function of the mixture gas velocity [mm3 h-1] 
  
Vgas  and the volume [mm3] of 

the catalyst layer Vcat:  

 

 
  
GHSV =

Vgas

Vcat

 (4.13) 

 

Gas Hourly Space Velocity is very influential factor for the methane/steam reforming reaction 

rate and methane conversion rate. Figures 4.15B and 4.15C represent GHSV for both of those 

factors in the correlation with achieved conversion rates. Figure 4.15B is the case where the 

SC and NC ratios are fixed at 3 for each of them. In the meantime, Figure 4.14C is the case 

where the reaction temperature is fixed at 700 oC. It can be noted that for a certainly small 

GHSV value (a small amount of gas in a high amount of the catalyst), the achieved conversion 

rate is high, which means that the reaction is very close to the equilibrium and is not proper 

for delivering a kinetic equation. On the other hand, a definite large GHSV value means that 

the changes obtained from the conversion rates are very small and difficult to observe. For the 

consideration of the reaction kinetic, the best solution is to moderate values of the GHSV, 

which results in moderated conversion rates for different observed temperatures and SC and 

NC conditions.  
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Figure 4.15 Conversion rate for the unsinterred NiO/YSZ (60:40vol.%) catalyst for A) representative 

examples obtained from the experiment, B) in the correlation with the Gas Hourly Space Velocity 
(GHSV) at the condition (SC=3 and NC=3), C) in the correlation with the GHSV at the condition of the 

reaction temperature at 700 oC 
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5 Derived mathematical kinetics 
using classical approaches 

Chapter 3 introduced the classical approaches adopted for estimating the reaction kinetics of 

methane/steam reforming processes. The greatest emphasis concerns the power law 

expressions adopted for describing the reaction rate as the most popular and appropriate 

technique in the problems of modelling systems based on internal fuel reforming coupled 

Solid Oxide Fuel Cells.   

 

Sections 5.1 – 5.4 presents an analysis conducted for the sintered catalyst of NiO/YSZ in the 

composition ratio of 60/40vol.% (sample weight: 0.3g). The last section in the present chapter 

presents the influence of molar composition of the catalysts used for deriving reaction 

kinetics. 

 

5.1 Standard approach 
 

The first estimation of the reaction rates defining the methane/steam reforming process for 

reaction order coefficients on the partial pressures of methane and water, parameters a and b, 

was conducted using the classical approach described in Section 3.5. The methodology 

requires suitable experimental conditions, providing constant partial pressure of methane and 

separately constant partial pressure of water. The incorporated experimental conditions are 

described in Table 4.5 as Series 1 and Series 2. The SC ratio was manipulated in the range 2.5 

– 5.5 and the NC ratio was changed in the range 0.5 – 6.3. All conditions were designed to 

maintain a total molar flow rate at a constant level, which was equal to 1.43×10-2 mol min-1. 

The measurements were conducted at a reaction temperatures of 500 oC, 550 oC, 575 oC, 650 

oC and 700 oC for both Series 1 and 2 at a constant molar flow rate of methane and constant 

molar flow rate of water, respectively. The results of the measurements in the form of the 

achieved conversion rates over the measurement conditions are presented in Fig. 5.1 for all of 

the investigated temperatures separately. 
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The increase in the reaction temperature causes an increase in the conversion rate of methane. 

It can be observed that the conversion rate of methane is lowered in Series 1, where the 

measurements were carried out at a constant flow rate of methane 50 ml min-1 that means the 

decreasing flow rate of water (the decreased value of SC ratio). The measurement in Series 2, 

where the constant molar flow rate of water 0.11 ml min-1 was set (and therefore the flow rate 

of methane is varied in the range of 27 – 60 ml min-1), are characterized by analogical 

tendency; the increased SC ratio increases the conversion rate of methane. Although the SC 

ratios are the same in Series 1 and Series 2, the obtained conversion rates are different, 

because of various partial pressures of the species in the system, which was caused by the 

different nominal flow rates of methane, water and nitrogen. 
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Figure 5.1  Experimentally obtained results of the conversion rate for the measurements with the 

constant flow rates of methane and of water (standard approach) 
 

Figure 5.2 presents the results of the investigated reaction kinetic by the standard method, in 

which two different types of measurements were separately carried out at the constant flow 

rates of methane (Series 1) and of water (Series 2). The presented results include 

experimentation at a temperature of 500 oC. Additional results obtained at temperatures 550 
oC, 575 oC, 650 oC and 700 oC are presented in Appendix C.1. The experimental results 
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obtained from tests with the constant flow of water were used to calculate the reaction order 

coefficient a (in Fig. 5.2A), and the experimental results obtained from tests which the 

constant flow of methane were used to calculate the reaction order coefficient b (in Fig. 5.2B). 

Figure 5.3 illustrates the correlation between the partial pressures of methane and water in the 

test temperature of 500 oC for measurements in Series 1 (in Fig. 5.3B) and in Series 2 (in Fig. 

5.3A). The partial pressures of water and methane are constant, so that the standard 

calculation methodology can be applied as its assumptions are preserved. As the final result, 

the reaction orders are approximated to be a=0.34 [-] and b=0.18 [-]. 
 

b=0.18&

a=0.34&

pCH4=const&
T=500oC&

pH2O=const&
T=500oC&

A)&

B)&

 
Figure 5.2 Experimental results obtained from the measurements conducted at 500oC for the 

approximation of the reaction orders by the standard approach: correlations between the reaction rate 
and A) partial pressure of methane for the calculation of parameter a and B)  partial pressure of water 

for the calculation of parameter b 
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T=500oC*
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A)*
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Figure 5.3 Correlation between partial pressures of methane and water at a test temperature of 500 oC  

for the measurements at A) the constant flow of water and B) the constant flow of methane !
 

A summary of the results obtained for all considered temperatures is presented in Table 5.1. 

In the analysed results by the standard method, no significant differences were noticed on the 

calculated reaction order a at the different test temperatures. On the other hand, reaction order 

b=0.15, calculated from the results at a temperature of 700 oC, is considerably smaller than 

reaction orders b evaluated at lower temperatures. This difference can be explained by the 

deviation observed in Fig. C.1H (in Appendix C) for the partial pressure of methane. The 

input flow rate of methane was kept at a constant level as mentioned frequently, but because 

of a significantly high conversion rate of methane obtained from the condition of the high test 

temperature and a high SC ratio, the partial pressure of methane in the reaction rate equation 

(in Eq. (3.53)), to derive the reaction rate in Fig. 5.2, is not kept at a constant level. Although 
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the absolute error is smaller than in the corresponding case of the measurement carried out at 

the condition of the constant water flow rate and of the temperature at 700 oC (see Fig. C.1D), 

the percentage error is much more significant.  

 

The final value of the reaction orders was taken as the average value determined in all 

temperatures: a=0.35 and b=0.2. The presented case did not show significant differences in 

the reaction orders calculated for different temperatures. In the other reported studies applying 

the standard method for the evaluation of reaction kinetics of the methane/steam reforming, 

the differences found on the reaction orders at different temperatures are much more 

influential. For example, the studies conducted by Mogensen [81] for the model anode 

material in the packed bed reactor resulted in the rate order a in the range 0.779-0.937 for test 

temperatures in the range of 600 – 800oC and the final order was determined as the mean 

value for the sake of the power law expression. 

 
Table 5.1 Results of the calculation reaction orders a and b for different test temperatures by the 

standard approach  
 

Temperature a 
  

pH2O = const( )  b 
  

pCH4
= const( )  

500oC 0.34 0.18 
550 oC 0.34 0.24 
575 oC 0.31 0.24 
650 oC 0.39 0.20 
700 oC 0.35 0.15 

Average value 0.35 0.20 
 

5.2 The modified approach  
 

The modified approach described in Section 3.6 does not require a specific experimental data 

set, as it does not impose any additional conditions for the derivation found on reaction 

orders. The only requirement is the widespread distribution of the experimental results, which 

increase the accuracy of the solution. Therefore, two types of analysis were conducted: one 

with the modified experimental data set defined in Table 4.5 as Series 3 and other one with 

the data designed for the standard approach and defined in Table 4.5 as Series 1 and Series 2. 

The latter data set was applied to the analysis presented in the previous Section 5.1. 
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The results of the carried-out measurements in the modified conditions are presented in 

Fig. 5.4 in the form of the methane conversion rate over the investigated conditions. The 

dashed lines in Fig. 5.4 show the trend of the methane conversion rate along different sets of 

the experimental condition at a constant temperature in the range of 700oC – 500 oC at 

intervals of every 25 oC. All the experiments were conducted in the one series starting from 

700 oC and then the temperature was decreased. The results in one certain temperature 

condition follow the same pattern. The measured range of the conversion rates is wide: from 

20% at the lowest temperature of 500 oC to almost 90% at the highest temperature of 700 oC.  
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Figure 5.4 Experimental results of the methane conversion rate obtained at various flow rates of 

methane and water (modified approach) 
 

The results of the calculations defined for the modified method with data obtained from the 

modified experimental conditions (Series 3) are present in Fig. 5.5 for the exemplary 

temperature of 600 oC (in Fig. 5.5A) and as the summed calculation for all of the temperature 

conditions (in Fig. 5.5B). Additionally, in Appendix C, the results obtained from all the test 

temperature conditions are presented in Fig. C.3. The difference of the reaction orders 

evaluated at higher temperatures comparing with the reaction orders calculated at lower ones 

can be explained by the high conversion rates at higher temperatures, which interfere with the 

calculations. The benefit of the modified methodology is the possibility of analysing all 
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experimental data simultaneously (Figure 5.5B) and applying a general approach to the 

studies. The values of the estimated reaction order coefficients are a=0.38 and b=0.21, which 

were characterized by the minimal summed standard deviation of the calculated reaction 

constant. 

 

A)#T=600oC#

amin=0.37;#bmin=0.22:#RSDk=0.004#

B)#T=500oC#4#700oC#
#

amin=0.38;#bmin=0.21:#
RSDk=0.191#

 
Figure 5.5 An approximation of reaction orders using the modified approach with modified 

experimental data: A) an exemplary result for the distribution of the relative standard deviation on 
reaction constant at a temperature of 600 oC and B) summed standard deviation for temperatures 500-

700 oC 
 

The modified calculation methodology does not impose additional conditions on the 

experimental data, so that the data sets prepared for the standard methodology (Series 1 and 

Series 2 presented in Figure 5.1) were applied to the modified calculation method. The results 

of the calculations are presented in Fig. 5.6 for the test temperatures in a range between 500oC 
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and 700oC. The analysis conducted for the remaining temperatures of 550 oC, 575 oC and 

650oC are shown in Appendix C (see Fig. C.4).  
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Figure 5.6 The distribution of the relative standard deviation of reaction constant calculated by the 
modified method using data from the measurement for the standard method (Series 1 and 2): all the 
experimental data (in A and D), data at the constant flow rate of water (in B and E), and one at the 

constant flow rate of methane (in C and F) at a temperature of 500 oC (in A-C) and of 700 oC (in D-F) 
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Two types of analyses were conducted. Firstly, all the data obtained from Series 1 and 2 were 

analysed simultaneously for each temperature (in Figs. 5.6A and 5.6D) to estimate the values 

of the reaction order coefficients a and b where the smallest relative standard deviation on the 

reaction constant was found. However, the results of this calculation are not comparable with 

the values calculated in the previous step (by the standard method presented in Section 5.1) 

and the difference is clearly visible at the higher temperature, both reaction orders were 

overestimated in this process. In the second analysis, both reaction order coefficients a and b 

were calculated individually with a separated set of results obtained from Series 1 and 2. The 

results of the calculations are shown in Figs. 5.6B and 5.6E for reaction order a at 500 oC and 

700 oC, respectively (data obtained from experimental Series 2 at the constant flow rate of 

water). Figures 5.6C and 5.6F shows the calculation of reaction order b at 500 oC and 700 oC, 

respectively (data obtained from experimental Series 1 at a constant flow rate of methane). 

The difference in the calculation is visible, especially in the higher reaction temperature 

compared to the data obtained with the standard method (see Table 5.1). The value estimated 

at a temperature of 700 oC from the merged data is a=59 [-] and b=0.31 [-], while for 

separated data the values decreased to a=46 [-] and b=0.17 [-], which is consisted with the 

calculation presented earlier. The characteristic feature observed in Fig. 5.6 for the separated 

experimental conditions is lack of one significant extreme point, minimizing the value of the 

relative standard deviation calculated for the reaction constants. In all of the previous cases 

and the studies found in the literature [206], for the analysis of the reaction orders by the 

modified method, the isolines of the constant value of the relative standard deviation  

calculated for reaction constant k creates the concentric ellipsoids. In Figs. 5.6B, 5.6C, 5.6E 

and 5.6F, the minimum isoline is not degenerated to the point, but has a linear shape, parallel 

to the b axis in Figs. 5.6B and 5.6E and to axis a in Figs. 5.6C and 5.6F. This shape is resulted 

from the assumed experimental condition. In the case of experiments with the constant flow 

rate of water (in Figs. 5.6B and 5.6E), the influence of the change in methane flow rate is only 

investigated. Therefore, we can estimate its effect on the reaction rate, which is expressed in 

the form of reaction order coefficient for the partial pressure of methane - parameter a. The 

effect of the water flow rate, predominantly determining the partial pressure of steam, is 

neglected, so that the trustful value of parameter b cannot be estimated from this data series. 

The analogical situation is observed for the constant molar flow rate of methane with the 

varied flow rate of water (in Figs. 5.6C and 5.6F), which gives a correct estimation only for 

the influence of the flow rate of water (to predominantly the partial pressure of steam) 

expressed in parameter b. 
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The comparison presented in Fig. 5.7 explains the uncorrected results obtained for the 

analysis with merged Series 1 and Series 2. The value of reaction order coefficients a and b 

scoring the minimum value of RSDk, in the case of merged data (in Fig. 5.7A), can be found 

in the intersection of the isoline of minimal RSDk for separated measurements in Series 1 (in 

Fig. 5.7B) and Series 2 (in Fig. 5.7C). At the temperature of 500oC, the results obtained by the 

merging-data approach (determining a=0.39 and [-], b=0.21 [-]) and the separately treating-

data approach  (determining a=0.39 [-] and b=0.19 [-]) are convergent. On the other hand, at 

the temperature of 700 oC, the differences between two approaches are clear. It is caused by 

the deviation in the final partial pressures, which are difficult to be defined as constant, even 

though the initial flow rates were the same. The high conversion rate changes the results 

significantly in each measuring conditions, therefore interfere with the expected results. This 

effect is also observed in the constant RSDk isolines, which are not parallel to the axis in Figs. 

5.7E and 5.7F. The analogical analysis for temperatures 550 oC, 575 oC and 650oC are 

presented in Appendix C (in Fig. C.5), which are very consistent for the observation 

concluded in this section. 
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Figure 5.7 The influence of the unstable partial pressure of methane for the approximation of reaction 
orders by the modified approach with standard experimental data obtained at a temperature of 500 oC 

(in A-C) and 700 oC (in D-F) 
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5.3 Comparison of the methods 
 

The three main types of analyses were conducted; the standard methodology calculated with 

the experimental data obtained from designated standard experimental conditions (separate 

measurements for the constant partial pressure of steam and methane), the modified 

methodology method calculated with the experimental data obtained from the designated 

modified experimental conditions (a limited number of measurements with various flow rates 

of methane and water) and, additionally, the experimental data obtained from the designated 

standard experimental conditions were applied to the calculation procedure of the modified 

methodology method , in order to verify the calculated output and its comparability with other 

computations. Detailed descriptions of the adopted analyzed methods and conditions are 

presented in Fig 5.8. 
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Figure 5.8 Conducted numerical analysis for standard and modified method with standard and 

modified experimental conditions 
 

In Sections 5.1 and 5.2 and corresponding Appendices C.1 and C.2, a detailed analyses were 

presented for both the standard and modified methods.  Good convergence between the 

standard method with standard experimental conditions and the modified method with 

modified experimental conditions were achieved. The values of the estimated parameters 

were astandard=0.35 and bstandard=0.2 and amodified=0.38 and bmodified=0.21 for both  the standard 

and modified methods, respectively.  

 

The comparison of experimental results obtained on the basis of the standard experimental 

conditions expressed in Series 1 and 2 are summarized in Table 5.2. The reaction orders 



5 Derived mathematical kinetics using classical approach 

104 

calculated with the application of merged experimental data, being obtained from the 

designated standard conditions (from both Series 1 and Series 2), to the modified method 

significantly overshot the values obtained in the other analysis, and it is most clearly visible in 

the case of parameter a (reaction order with respect to the partial pressure of methane) and 

higher experimental temperatures. The reasons of this deviation were explained in Section 5.2 

and the solution is proposed by conducting an individual analysis for separated measurement 

conditions in Series 1 and Series 2.  

 
Table 5.2 Comparison of the results of  calculated reaction orders a and b by different approaches 

 

Temperature 
Standard method: 

Standard condition 

Modified method: 

Standard conditions 

(merged) 

Modified method: 

Standard conditions 

(separated) 

 a b a b a b 

500oC 0.34 0.18 0.39 0.21 0.39 0.19 

550 oC 0.34 0.24 0.41 0.29 0.42 0.25 

575 oC 0.31 0.24 0.41 0.31 0.35 0.26 

650 oC 0.39 0.20 0.57 0.32 0.45 0.22 

700 oC 0.35 0.15 0.59 0.31 0.46 0.17 

Average  0.35 0.20 0.47 0.29 0.41 0.22 

 
 

The general conclusion in comparing the standard and modified methods for estimating 

reaction order parameters is that the modified approach reduces significantly the number of 

experimental conditions necessary for the estimation of reliable reaction kinetics. 

Furthermore, it does not impose additional conditions, which has to be fulfilled in order to 

obtain credible data. Therefore, for the derivation of the reaction kinetics provided in the next 

sections, the modified method was chosen. The method was applied for the experimental 

measurement with the widespread distribution of initial flow rates of the species to assure full 

information about the process. 

 

To derive a full reaction kinetic equation for the sintered catalyst of NiO/YSZ (60:40vol.%), 

initially prepared with a liquid dispersant of ethanol, the activation energy and pre-

exponential factor have to be calculated. The reaction orders a=0.38 and b=0.21 were used in 

the preparation of Arrhenius plot (see Section 3.7). The Arrhenius plot is presented in Fig. 5.9 
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and the linear approximation of the logarithm of reaction constant in relation to 

temperature is: 

 

 
  
ln k( ) = 2.45−5786 1

T
⎛
⎝⎜

⎞
⎠⎟

 (5.1)
 

 

and therefore calculated activation energy and pre-exponential factor are: 

 
 

A= 11.6 [mol min-1 g-1 atm-0.59] 
 
(5.2) 

 
E=48105 [J mol-1]

  
(5.3) 
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Figure 5.9  Arrhenius plot for the catalyst, of NiO/YSZ (60:40vol.%) prepared with ethanol 

dispersant, calculated with the reaction orders calculated in accordance with the modified method 
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Finally the full kinetic equation of the methane/steam reforming process over the sintered 

NiO/YSZ catalyst can be written as: 

 
Rst = wcat ⋅ r = wcat ⋅11.6 ⋅exp

−48105
RT

!

"
#

$

%
& pCH4( )

0.38
pH2O( )

0.21

 
(5.4) 

 

5.4 Model of the methane/steam reforming process 
 

Reaction rate equation Eq. (5.4) determined in Section 5.3 was used in order to simulate the 

gas composition at the reactor outlet from the defined initial conditions of a system with the 

methane/steam reforming process over the NiO/YSZ (60/40vol.%) catalyst (sample 0.3g). 

The numerical simulation was conducted by means of the algorithm proposed in Section 3.8. 

The experimental and simulation results are presented in Figs.  5.10 – 5.14. 

 

The quality of the proposed numerical model is presented in Figure 5.10, where the 

experimentally obtained conversion rate of methane is plotted versus  the methane conversion 

rate calculated by the simulation model with the empirical reaction kinetics in Section 5.3. 

The points located on the line presents a perfect fit of numerical and experimental results. It 

should be noted that Fig. 5.10 presents all of the experimental data collected during the 

investigations, including measuring Series 1 and Series 2 (described in Table 4.5), which were 

not used directly in the derivation of methane/steam kinetic expressions described by 

Eq. (5.4). These data sets can be treated as a validation set to evaluate the quality of 

modelling.  Good agreement between experimental and numerical results is observed for the 

lower conversion rates in the range of 20-60%. As it was presented in Figs. 5.1 and 5.4 these 

conversion rates are reached in the experiments conducted below 650oC. With increasing  

temperature, the conversion rate increases and the divergence between numerical and 

experimental methane conversion rates becomes more significant. This type of behaviour is 

explained by the deliberation in Section 4.6, where the influence of the Gas Hourly Space 

Velocity for the estimation of kinetic behaviour is discussed. The high conversion rates 

indicate that the reforming process was carried out at the condition close to the equilibrium 

state. Generally, the experimental conversion rate should be kept at a low level in order to 

estimate kinetic changes in the reaction rate. In the investigation on the sintered catalysts, 

characterized by the high catalytic activity, presented in next Section 5.5, the GHSV was 

increased by decreasing the weight of the catalyst sample from 0.3 g to 0.1 g and increasing 
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the total molar flow rate of gas mixture input from   Ftotal
i = 1.43⋅10−2  mol min-1 to 

  Ftotal
i = 4.29 ⋅10−2  mol min-1 (the experimental conditions introduced in Table 4.6). The 

increased GHSV provides the decreased conversion rates of methane, which locates the 

process in the non-equilibrium condition, are dominant and then will dedicate the 

determination of the proper kinetic equation. 
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Figure 5.10 Comparison of conversion rates obtained experimentally and calculated by simulation for 

measurements in Series 1 – 3 
 

The influence of the process temperature on the gas composition at the reformer outlet is 

presented in Fig. 5.11 for the case when the flow rate of the methane was FCH4
i=50 ml min-1, 

SC=3, NC=3 and the weight of the catalyst was equal to 0.3 g. The molar fraction of the 

methane at the reformer outlet decreased with the increase of the process temperature as  was 

expected. Opposite behaviour is observed for the molar fraction of hydrogen – in the high 

temperature almost all the methane is reformed to hydrogen, to carbon monoxide and, by the 

means of water-gas-shift reaction, to carbon dioxide. Generally, with the increased 

temperature the amount of carbon oxide in the outlet gas composition is increased, however, 
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the amount of carbon monoxide increases more significantly. It is beneficial in the contexts of 

a high operating temperature SOFCs, because the carbon monoxide can be electrochemically 

converted as a fuel [123] and, in contrast to low operating temperature fuel cells, it does not 

poison them. 
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Figure 5.11 Comparison of experimental and numerical molar fraction of species (in condition of 
FCH4

i=50 ml min-1, SC=3, NC=3); lines represent the numerical simulation and dots present the 
experimental results 
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Figure 5.12 Influence of temperature and the SC ratio on the methane conversion rate – a comparison 
of experimental and numerical results (in conditions FCH4

i=50 ml min-1, Series 1); lines represent the 
numerical simulation and dots indicate the experimental results 
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Figure 5.13 Influence of temperature and SC ratio for the chemical composition of outlet gas – a 

comparison of experimental and numerical results (in condition of FCH4
i=50 ml min-1, Series 1) for A) 

methane, B) hydrogen, C) carbon dioxide and C) carbon monoxide; lines represent numerical 
simulation and the dots indicate the experimental results 

 

The investigation on the influence of SC ratio on the conversion rate and the gas composition 

at the reformer outlet are shown in Figs. 5.12 and 5.13, respectively. The results are given for 

the measurement series with the constant flow rate of methane FCH4
i=50 ml min-1, and SC 

ratio varied in the range of 2.5 – 5.5. The SC ratio is varied by manipulating the flow rate of 

water in the range of 0.09 to 0.2 ml min-1. As was noted before, the numerical model well fits 

the experimental results at lower temperatures, but at higher ones the differences are 

noticeable for both the conversion rates and molar fractions of the chemical species in the 

outlet gas. It is observed that with the increased input flow rate of water resulting in an 

increased SC ratio, the conversion rate of methane increases, which is the result of the 



5 Derived mathematical kinetics using classical approach 

110 

decreased share of methane in the outlet gas composition and increased shares of hydrogen 

and carbon oxides. This correlation is valid throughout the whole temperature range. 
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Figure 5.14 Experimentally obtained dry gas composition A) influence of temperature (FCH4

i=50 ml 
min-1, SC=3, NC=3), B) influence of SC rate (T=500oC, FCH4

i=50 ml min-1, Series 1) and C) influence 
of SC ratio (T=700oC, FCH4

i=50 ml min-1, Series 1) 
 

The influence of the experimental condition for the gas composition at the reformer outlet is 

in the detail discussed in Fig. 5.14, where the shares of the chemical species in the dry gas are 

shown. The influence of the temperature is presented in Fig. 5.14.A, and the influence of the  

varied flow rate of water (namely varied SC ratio) on the outlet gas composition at the 
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temperature of 500 oC is presented in Fig. 5.14B and the one at a temperature of 700 oC is in 

Fig. 5.14C. The change in the proportion of carbon monoxide and carbon dioxide is observed 

with the change in temperature and SC ratio. Generally, the increase in temperature decreases 

the amount of CO2 in comparison to CO. The CO2 is produced as an effect of shift reaction 

from CO and H2O. Potentially, a large amount of water is utilized in the methane reforming 

process at the higher temperature, which decreases the amount of converted carbon monoxide 

species. The total amount of carbon oxides with increase of SC ratio is slightly increased and 

the significant difference is visible at the ratio of CO2 to CO. The increased flow rate of steam 

at the inlet increases the conversion rate of carbon oxide to carbon dioxide, which 

subsequently increases the amount of hydrogen produced in the system.   
 

5.5 Influence of the catalyst for the derived kinetics 
 

The adjusted experimental conditions described in the previous section (increased total molar 

flow rate and decreased weight of catalyst sample) were used in investigations of catalyst 

materials with different volumetric percentage of nickel. The details of the experimental 

conditions are given in Table 4.6. All of the investigated catalyst materials were prepared with  

acetone dispersant. The investigated samples were catalyst prepared with Ni and YSZ 

powders with volume ratios of Ni and YSZ in the cermet as (Ni:YSZ) = (30:70), (40:60), 

(50:50), (60:40), (70:30). The samples were named as Ni/YSZ 30:70vol.%, Ni/YSZ 

40:60vol.%, Ni/YSZ 50:50vol.%, Ni/YSZ 60:40vol.% and Ni/YSZ 70:30vol.%. One 

additional cermet sample was prepared with NiO powder and the proportions of NiO and YSZ 

powders were chosen to have 60vol.% share of nickel in the sample after the reduction 

process. This sample is distinguished as NiO/YSZ 60:40vol.% catalyst, however, prior to 

reaction of methane/steam reforming, nickel oxide was firs reduced to nickel. 

 

The analysis by the standard method (experimental data listed in Table 4.6 as Series 1 and 2) 

and by the modified method (experimental data listed in Table 4.6 as Series 3) was conducted 

for sample NiO/YSZ 60:40vol.%. The experimentations were carried out at temperatures 

550 oC, 600 oC and 650 oC for all experimental conditions in Series 1-3.  

 

The results of the modified method application are presented in Fig. 5.15. A summary of the 

application standard and modified method in all investigated conditions is given in Table 5.3 
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and 5.4, respectively.  Good convergence between investigated conditions and method was 

found. /As the final values of reaction orders for catalyst sample NiO/YSZ 60:40vol.% values 

designated by the modified method were chosen: a=0.71 and b=-0.08. 

 

A)# B)#

C)# D)#

 
Figure 5.15 An approximation of reaction orders by the modified approach with modified 
experimental data: A) 550 oC, B) 600 oC, A) 650 oC and D) summed standard deviation for 

temperatures 550-650 oC 
 

 

Table 5.3 Comparison of reaction orders parameters calculated by modified method  
 

 550oC 600oC 650oC Average All temperatures 

a 0.74 0.71 0.71 0.72 0.71 

b -0.16 -0.07 -0.04 -0.09 -0.08 
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Table 5.4 Comparison of reaction orders parameters calculated by standard method  
 

 550oC 600oC 650oC Average 

a 0.82 0.71 0.75 0.76 

b -0.04 0.04 0.10 0.04 

 

The modified method was chosen to investigate the influence of the volumetric composition 

of the nickel cermet for the reaction kinetic. The reaction orders were estimated by the 

analysis with modified method and modified experimental conditions presented in Table 4.6 

as experimental Series 3 with total molar flow rate   Ftotal
i = 4.29 ⋅10−2 [mol min-1]. The SC ratio 

was varied between 2.5 and 6, and the NC ratio was changed in the range 8-20. The results of 

the calculated reaction orders with respect to methane and water are summarized in the 

Table 5.3 

 
Table 5.5 Comparison of reaction orders parameters for various catalysts 

 
 NiO/YSZ 

60:40vol.% 

Ni/YSZ 

 30:70vol.% 40:60 vol.% 50:50 vol.% 60:40 vol.% 70:30 vol.% 

a 0.71 0.73 0.73 0.73 0.71 0.69 

b -0.08 -0.13 -0.03 -0.03 -0.07 -0.07 

 

 

The obtained reaction orders are convergent for all of the tested materials and they are in the 

range a=0.71-0.73 [-] for the reaction order with respect to methane (in the case of Ni/YSZ 

70:30vol.% catalyst the reaction order is slightly lower a=0.69 [-]) and in the range b=-0.13 - 

-0.03 for the reaction order with respect to water. The value of the reaction order concerning 

water is convergent with the literature data, which suggests a slight dependence of  water 

partial pressure. On the other hand, the evaluated reaction orders with regard to methane 

seems to be lower than the results presented in the literature for the methane/steam reforming 

process over nickel catalyst (see Table 1.3). The literature suggests that methane/steam 

reforming is a first order reaction with respect to methane partial pressure. However, those 

studies were usually conducted using industrial catalysts and catalysts which were not 

sintered. The materials investigated in this study (Section 5.5) were prepared in the procedure 

analogical to the production of SOFC anodes, including sintering Ni/YSZ pellets at a 

temperature of 1400oC.  The comparable studies are investigations conducted by Mogensen 
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[81] and Iwai [151] using SOFC anodes materials to evaluate the kinetic of the methane/steam 

reforming process.  

 

Details of both studies (Mogensen and Iwai) are given in Chapter 7, in which an extensive 

comparison of the reaction kinetics in various studies is presented. Here the main focus is on 

estimated reaction orders with respect to methane. Mogensen investigated the anode materials 

and SOFC stack anodes samples, all of them composited of Ni/YSZ cermet,  in the form of 

powders in  packed bed measurements. The standard method of calculation reaction orders 

was used in this study and the results for the reaction order with regard to methane are 

summarized in Table 5.4.  Iwai proposed an analysis of the disk shaped cermet materials 

sintered in 1400oC for catalysts: Ni/YSZ 100:0vol.% (designated as Ni100), Ni/YSZ 

75:25vol.% (Ni75), Ni/YSZ 50:50vol.% (Ni50), Ni/YSZ 25:75vol.% (Ni25) and Ni/YSZ 

50:50vol.% catalyst sintered in 1450oC (designated as Ni50*). The modified calculation 

method was used for finding values of the reaction orders concerning methane and water. The 

results of the calculation for the reaction order with respect to methane are listed in Table 5.5.  

 

In the studies presented by Mogensen and Iwai the evaluated reaction orders concerning 

methane are significantly lower than one: Mogensen averaged the results of the standard 

analysis method, and the results are in the range 0.74 – 0.813 for the investigated materials. In 

Iwai's research, it was shown that the composition of cermet did not influence the reaction 

orders with regard to methane significantly: the effect of inlet gas composition is similar 

regardless of the Ni/YSZ volume ratio in the cermet. The calculated reaction range with 

respect to methane is 0.82 for catalysts sintered at temperature 1400 oC and 0.84 for the 

catalyst sintered at temperature 1450 oC. 
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Table 5.6 Reaction orders with respect to methane a calculated by Mogensen [81] 
 

Temperature Model anode Industrial anode 
Old stack anode 

sample 
New stack anode 

sample 
600oC 0.779   0.702 
625 oC 0.839 0.751   
650 oC 0.906 0.721 0.89 0.77 
675 oC 0.906 0.684   
700 oC 0.871 0.666 0.858 0.789 
725 oC 0.937 0.803   
750 oC 0.378 0.805 0.763 0.765 
775 oC 0.797 0.802   
800 oC 0.797  0.739 0.712 

Average 0.801 0.747 0.813 0.748 
 

 
Table 5.7 Reaction orders with respect to methane a calculated by Iwai et all [151] 

 
 Ni100 Ni75 Ni50 Ni25 Ni50* 

a 0.82 0.82 0.82 0.82 0.84 
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6 An application of the GLS Method 

The Generalized Least Squares method can be applied for methane/steam reforming in order 

to secure the most probable description of the kinetic of analysed process in the context of the 

non-equilibrium state of the reaction. In Chapter 6 the possibility and technical aspect of the 

implementation are presented with the focus on the analysis of the reforming process on the 

NiO/YSZ (60:40vol.%) un-sintered catalyst material provided by the AGC SEIMI 

CHEMICAL CO. LTD. The description of all the steps from the definition of the 

mathematical model, calculation of the initial approximation of unknowns with the standard 

method, application of the GLS algorithm and the discussion of their results is provided. 

 

The numerical implementation of the GLS algorithm to methane/steam reforming analysis 

was prepared in the MATLAB package. Additionally, the general library of the classes 

responsible for GLS operators was prepared in the C# language for the possible easy 

extensions and applications to the various research problems in the field of energy science. 

Among others, the library was used in the analysis of the heat transfer problems [180]. 

 

6.1 An application of the GLS method to the methane/steam reforming process 

– a general approach$$

 

The mathematical bases of the GLS method were introduced in Section 2.5 and 2.6. The 

application of mathematical theory to the analysis of kinetic of chemical reactions requires the 

preparation of a numerical algorithm, which will include the consecutive steps of the 

theoretical method. General requirements and the schematic idea are introduced in Fig. 6.1. 

The input information required for the application of the GLS algorithm includes the 

implementation of the mathematical equations describing the process and the definition of 

input data for the values of both the measured and unknown variables. The GLS algorithm is 

a universal method, which allows for the flexible definition and changes in the number of 

defined equations in the mathematical model. Adding new constraint formula to the system 

does not influence the already existing set, as all of them are defined independently. The 
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model equations are based on the system variables, which can be divided for two groups: 

measured and unknown variables. The definition of both of them, measured and unknown 

variables is congruent and demands specifying the numerical values of the variables and 

characterizing them uncertainty. The values of the measurements are the direct experimental 

results. The values of the unknowns are taken as random values or are estimated on the basis 

of preliminary calculations to assure the convergence of the final solution in the case of 

highly nonlinear and complex constraint sets. In the case of the analysis of methane/steam 

reforming process, the numerical model consisted of the nonlinear equations defining the 

kinetic of the process – therefore, in the practical implementation of the method, the initial 

values of unknowns were estimated by the methods described in Sections 3.6 and 3.7. The 

results of the application of the statistical and numerical operators of the GLS algorithm to the 

analysis of engineering problem are the full descriptions of the most probable state of the 

system with the values of unknowns and corrected in the assumed uncertainty range value of 

measurements. Additionally, one of the outputs is a posterior covariance matrix, which 

contains the standard deviations of all of the variables after reconciliation process. The newly 

calculated error bounds provide an objective criteria for a verification of the quality of a 

mathematical model by comparison of the volume of the hyperellipsoide of the distribution 

for various models as it was introduced in Section 2.6. This property together with the 

simplicity of the definition constraint equations and combining them with the GLS algorithm 

constitutes an excellent tool for the verification and evaluation numerical models, even for 

problems in complex systems.   
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Figure 6.1 Application schema of the Generalized Least Squares Method 
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The consecutive steps of the GLS algorithm are presented on the schema in Fig. 6.2. The 

analysis starts from the selection and a precise definition of mathematical equations 

describing a physical process, which states the constraints set of the problem. Then, the 

structure of the vector containing the measurements and unknowns has to be defined. As all 

system variables are treated in the same way from a mathematical point of view, vector x 

contains the values of all measurements in the front part, and subsequently there are unknown 

values located. The difference between the measured and unknown variables is an assumed 

value of uncertainties connected with those two types of variables. The uncertainty values 

were then used in the initialization of the a priori covariance matrix CB built in the same 

manner as vector x – diagonal variances of direct measurements are followed by variances of 

the unknowns. All of the non-diagonal elements of the matrix CB are equal to 0 since all of 

the variables are independent measured variables.  

 

Measurements*and*preliminary*
calcula1ons*of*the*process*

parameters*

For*measurements*6*uncertain1es*of*
all*experimental*devices*
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Figure 6.2 Schema of the GLS algorithm applied to the reaction kinetic calculations  
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 After the definition of all of the model elements, the main part of the GLS algorithm was 

performed. The nonlinear adjustment problems need to be solved numerically by the 

linearization procedure using the Taylor’s expansion [175]. In the iterative algorithm the 

values of the Jacobi’s matrix were calculated by using the values from the previous iteration, 

and then the Lagrange multipliers method allows for the calculation of the correction vector 

VB and finding the corrected values of the direct measurements and unknowns. In addition, 

the new error bounds for both of them were estimated. The last step of the iterative algorithm 

is to verify the convergence of the obtained solution and this is stipulated with the criteria of 

convergence or the recalculation on the basis of the unknown values determined in the 

previous step. 

 

6.2 The definition of the Equations 
 

The main equations used in the description of the methane/steam reforming process were 

introduced in Chapter 3. Usually, the methodologies for the calculation of the reforming 

reaction kinetic parameters are based on assumptions in accordance with the stoichiometry of 

the chemical reactions included in the process model [81,94]. It was shown by Mogensen, that 

measuring only a partial composition of the outlet, ratios of carbon monoxide and carbon 

dioxide among all outlet gases, is enough to determine the reforming rate [81]. However, this 

type of analysis can lead to simplifications, which can affect the final conclusions, increases 

the uncertainty of the obtained results and possibly explain the great disagreements between 

the different presented studies. Excluding the stoichiometric assumptions from the model and 

including supplementary data (as methane and hydrogen composition in the outlet gases) can 

give additional information about the problem and improve the reliability of the obtained 

solution.  

 

It is known that experimental results should fulfil some equations, which are genuine for the 

behaviour of any physical system, specifically for a system with a catalytic chemical reaction. 

Among those physics’ laws we can particularly distinguish the basic balances of all chemical 

elements, which are contained in the products of the reaction. On the other hand, the catalytic 

chemical reaction should follow the Eq. (3.23), which actually contains the most important 

unknown parameters in terms of the presented analysis (reaction orders a and b, activation 

energy E and Arrhenius coefficient A). Moreover, it should be pointed out that each general 
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constraint equation should be fulfilled by each measurement (measurement point), therefore 

the total number of mathematical equations in the problem description is equal to the number 

of measurement points multiplied with the amount of the general equations. 

 

The constraint equations used in the GLS algorithm to describe the process of steam 

reforming of methane can be divided into four basic categories; in all of the presented 

examples the basic definition of the problem is supplemented by the additional equations 

describing the fundamental laws governing the chemical reaction which can be divided /for 

the following groups: 

 

reaction rate equation: 

   

FCH4

i( j ) − FCH4

o( j )

w( j ) − A ⋅exp −E ⋅103

RT ( j )

⎛
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pH2O

( j )( )b
= 0,  (6.1) 

linear Arrhenius correlation: 
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water-gas-shift reaction equation: 

   

pH2

( j ) pCO2

( j )

pCO
( j ) pH2O

( j ) − exp −ΔG
RT ( j )

⎛
⎝⎜

⎞
⎠⎟
= 0,  (6.3) 

balances of the elements in the reactants and products 

 ( )4 4 2

i( ) o( ) o( ) o( )
CH CH CO CO 0,j j j jF F F F− + + =  (6.4) 

 ( )4 2 4 2 2

i( ) i( ) o( ) o( ) o( )
CH H O CH H O H4 2 4 2 2 0,j j j j jF F F F F+ − + + =  (6.5) 

   
FH2O

i( j ) − FCO
o( j ) + FCO2

o( j ) + 2FH2O
o( j )( ) = 0,  (6.6) 

 2 2

i( ) o( )
N N 0,j jF F− =  (6.7) 

 

where F designates molar flow [mol s-1], superscripts i and o are input and output flow 

respectively and subscripts describe the respective chemical species. The additional variables 

mline and nline are the Arrhenius line coefficients [-]. All of the above equations were used for 

every measurement point – index j designates the j-th measurement point. 
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6.3 The definition of the Variables 
 

Application of the GLS algorithm demands a definition of both constraint equations in the 

mathematical model and the variables used in the system along with their uncertainties 

presented in the form of the covariance matrix. Among all variables they can be distinguished 

into two groups: directly measured and unknown variables. The unknown parameters are 

dependent on the model definition; some of them are artificial and are introduced only to 

make the mathematical model transparent. Therefore, firstly the constraint set will be 

presented and then the necessary additional variables will be specified.  

 

All of the measured variables with the specification of the experimental error characteristic 

for all of them are summarized in Table 6.1. Uncertainties of the measured values were 

determined on the basis of the technical documentation of the instruments or error analysis 

conducted for the respective measuring devices. The molar fraction of the chemical 

components in the outlet gas produced by the reforming process were investigated by the gas 

chromatograph (GL Sciences, GC390B) equipped in the Thermal Conductivity Detector and 

Flame Ionization Detector. Then uncertainty of both detectors was estimated on the basis of 

the additional measurements of the standard gas conducted in parallel with the measurements 

for the methane/steam reforming process.  

 

The unknown parameters defined in the process description are divided into major and 

supplementary variables. All unknowns and the uncertainty correlated with them are 

presented in Table 6.2. The values of the errors of the unknowns and the uncertainty of the 

measurements presented in Table 6.1 are used for the initial definition of the covariance 

matrix CVB.  
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Table 6.1 Experimental variables and correlated uncertainties 

 
Variable Symbol Unit Detector Experimental 

uncertainty 
Temperature  T  oC Thermocouple   ± 2+ 0.007 ⋅T( )  

Catalyst weight  w  g Electronic balance ±0.0005 
Pressure difference 

(inlet and outlet)  ΔP  MPa Pressure meter   ±0.003⋅ ΔP  

CH4 input flow   
FCH4 _ v

i  mL 
min-1 

Flow meter   
±0.002 ⋅FCH4 _ v

i  

H2O input flow   
FH2O_ v

i  mL 
min-1 

Flow meter   
±0.04 ⋅FH2O_ v

i  

N2 input flow   
FN2 _ v

i  mL 
min-1 

Flow meter   
±0.002 ⋅FN2 _ v

i  

CH4 molar fraction 
in products   

mCH4

o  - 
Gas Chromatograph, GL 

Sciences, GC390B, TCD detector 
±1 

H2 molar fraction 
in products   

mH2

o  - 
Gas Chromatograph, GL 

Sciences, GC390B, TCD detector 
±1 

CO2 molar fraction 
in products   

mCO2

o  - 
Gas Chromatograph, GL 

Sciences, GC390B, FID detector 
±0.5 

CO molar fraction 
in products   mCO

o  - 
Gas Chromatograph, GL 

Sciences, GC390B, FID detector 
±0.5 

 
Table 6.2 Defined unknown variables for the GLS algorithm 

 
Unknown Unit Error Unknown Unit Error 

Major variables Supplementary variables 

    Line coefficients αline - 100% mline 

Reaction 

order 
a - 100% a Line coefficients βline - 100% nline 

Reaction 

order 
b - 100% b Supplementary variables (for each measurement) 

Pre-

exponential 

factor 

A 

mol  

g-1 s-1  

atm-(a+b) 

100% A 

H2O output  flow   
FH2O

o( j )  
mol 

min-1   
100%FH2O

o( j )  

N2 output flow 
  
FN2

o( j )  
mol 

min-1   
100%FN2

o( j )  

Activation 

energy 
E J mol-1 100% E Total output flow   FALL

o( j )  
mol 

min-1   100%FALL
o( j )  
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Figure 6.3 Structure of the variables vector with measurements u described in the front part and 
unknowns x in the back part 

 

The overall structure of the variables vector containing measured and unknown variables is 

introduced in Fig. 6.3. The beginning part of Table 6.1 contains measured values (10 variables 

for each measurement point, in total   n ⋅10  variables, where n is the total number of measured 
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points) and then the unknowns. The most important unknowns are the empirical parameters 

that describe the process: a, b, E and A. Among the supplementary variables there were 

defined the line coefficient for the linear Arrhenius correlation and the variables describing 

the outlet flows of water, nitrogen and total output molar flow rate 
2

( )
H O

o jF , 
2

( )
N
o jF  and 

( )o j
ALLF . Those parameters are necessary for defining the elemental balances. Moreover, the 

introduction of additional variables allows for avoiding the assumptions of stoichiometry of 

reactions and allows for analysis of the process from the most objective point of view. 

Including all supplementary variables, the total number of unknowns equals to   n ⋅10+ 6 . 

Tables 6.1 and 6.2 present the assumed errors for all the variables, which defines the 

covariance matrix (squared matrix, rank   n ⋅10+ n ⋅3+ 6 ). In the case of the unknowns, the a 

priori error was assumed as 100% of the initiatory value, which are determined in the 

preliminary calculations.  

 

It should be pointed that only the main variables defining kinetic parameters and additional 

variables for the Arrhenius correlation are constant for all of the measurement conditions. All 

other variables are unique for specific experimental conditions and therefore are defined 

separately for every measurement point.  

 

6.4 The definition of the Model 
 

The model described in Sections 6.1 – 6.3 is general and can be applied to an analysis with a 

different number of measurement points and various equation sets. In particular, the 

numerical code implementing the algorithm allows for a definition of the various 

combinations of the equation and applied experimental data. This feature, is applicable for the 

example in an theoretical approach, for the determination of the influence of the model 

constraints for the quality of the final solution or when the part of the acquired data is used as 

a validation set to determine the accuracy of the proposed solution.  

 

However, in the application described in the current chapter, the applied configuration of the 

model is fixed. A constraints model consists of all of the proposed mathematical equations 

describing system: the kinetic reforming equation in Eq. (6.1), the linear Arrhenius equation 

in Eq. (6.2), the water-gas-shift reaction equation in Eq. (6.3) and the balances of the basic 

chemical elements (carbon, hydrogen, oxygen and nitrogen Equations in Eqs. (6.4)-(6.7)). 
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The total number of the equation types equals seven. As all the equations presented above are 

applied for the calculation of each experimental point and the total number of measurement 

points used in the analysis is n=52, the total number of equations in the mathematical model is 

equal to 364. 

 

The model equations depend on the measured and unknown variables defined in vector x. The 

part of vector x containing measurements consists of 520 variables (10 measured values for 

every measurement point) and 162 variables in the unknowns’ part (4 main variables and 158 

supplementary variables). 

 

6.5 The calculation of the values of the initial approximation of the unknowns  
 

The highly nonlinear model of the reaction kinetic requires a proper initialization of unknown 

parameters. This subsection presents the computations leading to the estimation of the initial 

approximations of unknowns in the model.  

 

Unknowns in the methane/steam reforming reaction kinetic model are divided into main and 

supplementary variables. The main variables defining the reforming process are the values of 

the empirical parameters describing the reaction order coefficients a and b, activation energy 

E, and pre-exponential factor A. The initial values of those parameters were estimated by the 

modified method described in the Section 3.6 and 3.7. The experimental conditions 

incorporated in the measurements are the conditions defined in Table 4.5. as Series 3: an 

experimental condition with widespread distribution. The total molar flow rate in the 

experiment was   Ftotal
i = 1.43⋅10−2 [mol min-1]. The smaller value of the total molar flow rate 

was used, because the unsintered NiO/YSZ catalyst is characterized by lower conversion rates 

than the sintered one, which were presented in Chapter 4. Figure 6.4 shows the representative 

examples of the measured fractional conversion of CH4 over the unsintered NiO/YSZ 

(60:40vol.%) catalyst material provided by the AGC SEIMI CHEMICAL CO. LTD. The 

fractional conversion (conversion rate) of CH4 was calculated from the correlation with the 

molar ratios in the dry gas of CH4, CO and CO2 measured by the gas chromatography [200]: 
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 xCH4 =
mCO
o +mCO2

o

mCH4
o +mCO

o +mCO2
o

 (6.8) 

 

The fractional conversions in all of the analysed condition are in the range, which provides 

the proper evaluation of the reaction kinetic, as it was introduced in Section 4.6. 

 

 
Figure 6.4 Fractional conversion measured experimentally over NiO/YSZ 60:40%vol unsintered 

catalyst 
 

The first step of the calculation of the initial approximations of unknowns was based on the 

observation that the value of the reaction constant does not depend on the SC and NC ratios. 

Different combinations of the parameters a (range 0 – 1.5) and b (range -0.5 – 0.5) were 

tested and the calculated reaction constants were compared with the experimental results. The 

values a=0.97 and b=-0.08 were characterized by the smallest summed standard deviation and 

chosen as the best description of the process (see Fig. 6.5).  
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Figure 6.5 Preliminary calculations of the process parameters by the modified method: analysis of 

standard deviation of the reaction constant at the temperature of A) 700 oC, B) 725 oC and C) 750 oC 
and D) the sum of the Relative Standard Deviation (RSDsum) with different values of parameters of 

reaction orders a and b for the unsintered NiO/YSZ (60:40vol.%) catalyst 
 
 
The next stage was the preparation of the Arrhenius plot based on the data obtained from 

experiments carried out at different temperatures (550 oC – 750 oC). The approximation line 

(see Fig. 6.5): 

 

 
  
ln k = ln A− E

R
⋅ 1
T

 (6.9) 

 

was used to find the values of the activation energy    E = 117.219×103  J mol-1 and the pre-

exponential factor  A = 1.554×10−3  mol g-1 s-1 Pa-0.89. Thus, the first approximation of the 

kinetic equation of the methane/steam reforming reaction can be consequently written as: 
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RT
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 (6.10)  

 

where, catw  stands for the weight of a catalyst [g], p indicates the partial pressure [Pa] and the 

subscript st denotes the methane/steam reforming reaction.  

 

 
Figure 6.6 Arrhenius plot for catalyst NiO/YSZ 60:40%vol unsintered 

 

The calculation of the initial approximation of additional unknowns (output flow rates of 

water, nitrogen and total output flow rate) were conducted in an analogical way as the 

calculation of the main unknowns, and was based on the additional assumption of the 

stoichiometry of the reactions. However, the stoichiometry of the process incorporates only in 

the preliminary computation and the equations in the main model do not contain those 

assumptions.  

 

The variables determining the coefficient of the Arrhenius line are estimated from the general 

form of the Arrhenius equation described in Eq. (3.57). The values of the activation energy 

and the pre-exponential constant were calculated in the previous step on the basis of 
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experimental results. The values of output flow rates of water, nitrogen and all components, 

  
FH2O

o( j ) , 
  
FN2

o( j )  and   FALL
o( j )  are calculated on the basis of stoichiometric correlations 

described in Table 3.1 as: 

 

   
FH2O

o( j ) = SC − x − y( ) ⋅FCH4

i( j )

 (6.11) 

   
FN2

o( j ) = NC ⋅FCH4

i( j )

 (6.12) 

   
FALL

o( j ) = 1+ SC + NC + 2x( ) ⋅FCH4

i( j )

 (6.13) 

 

where x and y are defined in Eqs. (3.39) and (3.41) respectively. 

 

6.6 Criteria of applicability of the system of condition equations for co-

ordination purposes 

 

Before the application of the GLS algorithm, the validity of the proposed mathematical model 

should be checked in terms of the appropriateness for the Least Squares approach.  Validity 

checking is conducted for both: decreasing and the systematization of the constraint 

equations, as well as the verification of the formal criteria concerning the independence of the 

equations and the determinability of unknowns  

 

6.6.1 Possibility of the reduction of the constraint equation set 

 

The first step in the applicability checking of the mathematical model is the determination of 

the necessity for the introduction of all of the mathematical equations in the model. Generally, 

the equations contain only one unknown, which does not appear in other equations, can be 

excluded from the model dedicated to the co-ordination purposes. As there is only one way to 

calculate this particular unknown, there is no possibility to correct its final value. Then, the 

application of the GLS algorithm will not increase the security of the model for this variable. 

 

Additionally the number of the imposed constraint equations can be decreased by eliminating 

some of the unknowns. However, this strategy should be applied with caution. The 

elimination of the unknowns leads generally to  more complicated constraint equations, which 
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are more difficult to  apply to the linearization procedure. The exception is the case of the 

substantial fractions, which usually appears in the linear equations. Therefore, their 

elimination can simplify calculations [190]  

 

The equation set proposed in Section 6.2 follows the above-mentioned rules. The number of 

the additional unknowns was chosen as the set providing for easy scalability of the model. On 

the other hand, the number of additional variables was limited in order to decrease the number 

of unnecessary linear correlations among the constraint equations. 

 

6.6.2 Determination of the validity of the constraint equation set for application of the 

GLS algorithm 

 

In order to apply the GLS method two formal requirements have to be fulfilled [190]: 

• mutual independence of the equations 

• determinability of the unknowns 

 

The first criteria to be fulfilled is the correlation between the number of unknowns, the total 

number of variables in the model and the number of constraint equations.  General inequality 

should be maintained: 

 

 N < J < K +N  (6.14) 

 

where N is the number of unknowns, J is number of the constraint equation and K+N 

determines the number of all variables in the mathematical model. When this condition is 

fulfilled it is possible to carry out the co-ordination algorithm. As it was in introduces in 

Section 6.4, N=162, J=364 and K=520 and the condition in Eq. (6.14) is fulfilled for the 

proposed application of the GLS algorithm to the methane/steam reforming process. 

 

The mutual indecency of the equations can be checked by the application of the method from 

the theory of the implicit functions. It is necessary because in the case of investigating the 

physical processes the relations between the measured values can potentially lead to the 

mutually related equations. As they were introduced in Chapter 2, constraint equation form a 

system of functions: 
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 f j = f j u1,u2 ,...,uK ,x1,x2 ,...,xN( ),    j =1,2,...,J   (6.15) 

 

where uk determines the measured values and xn describes the unknowns in the system. To 

determine the independency of the unknown, the Jacobi matrix formed from the partial 

derivatives has to investigated: 
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  (6.16) 

 

If the rank of the matrix rank(AB) is equal to the number of the constraint equations J, then the 

functions in the equation set are independent from each other. The rank of the matrix fulfils 

the condition if there is at least one determinant of the rank J made from the matrix column 

which has a value  different from zero. The determination of the matrix rank can be simplified 

by the introduction of the numerical values of the measured variables and the approximate 

values of unknowns into the partial derivatives. It is not necessary to calculate the rank of the 

matrix on the general symbols. 

 

The rank of matrix AB was checked for the proposed application of the GLS algorithm. The 

definition of the constraint equation and variables vector with the initial approximation of the 

unknowns and the values of the experimental measurements were taken as introduced in 

Sections 6.2-6.5. The calculated result is rank(AB)=364, what is equal to the number of 

equation in the system J=364. It was proven that the equations in the constraints set are 

mutually independent. 

 

The problem of determinability of the unknowns can appear in the case when the number of 

measured quantities is not sufficient and the definition of the constraint equations result in the 

creation of the independent aggregates of unknowns. If the number of the independent 

aggregates is smaller than the number of unknowns itself, the unknowns are indeterminable. 

The number of indeterminable unknowns is equal to the difference between the number of 
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unknowns and the number of aggregates of unknowns. In order to evaluate the determinability 

of the unknowns in the system, the following Jacobi matrix should be investigated: 
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  (6.17) 

 

Matrix B is formed from the partial derivatives of the constraint functions fj for unknowns xn. 

Unknowns are determinable when the rank(B) is equal to the number of unknowns in the 

system. According to the inequality in Eq. (6.14), the number of rows in the matrix B is 

greater than the number of columns. The rank of matrix B equals to N, if there is at least one 

determinant of the rank N made from the matrix rows which has a value  different from zero. 

Similar to the foregoing case, the calculations are simplified by the introduction of the 

numerical values of the measured values and the unknowns into the matrix. 

 

As previously, the rank of matrix B was checked for the proposed definition of the modelling 

problem for methane/steam reforming. The obtained result is rank(B)=162 what is equal to 

the number of unknowns in the system  N=162. Therefore, all of the unknowns are 

determinable and the system definition fulfils all of the formal criteria. 

 

6.7 Results of the investigation 
 

After all of the elements of the mathematical model were defined and the validity of the 

proposed mathematical model was checked, it was possible to apply the GLS algorithm: to 

linearize the constraint equations, determine the Jacobi’s matrix and compute the correction 

vectors VB and new error bounds for the corrected data (covariance matrix CVB). Coupling the 

least-squares adjustment of the measurement results with the mathematical model leads to the 

most probable model solution and estimates of the kinetic parameters of the process. The 

values of the corrected unknowns and its errors, as well as the initially assumed values of the 

parameters, are presented in Table 6.3, and the corrected kinetic equation is: 
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 Rst = wcat ⋅1.354×10
−3 ⋅exp −123×103

RT
⎛
⎝⎜

⎞
⎠⎟
pCH4( )0.89 pH2O( )0.05  (6.18) 

 

Table 6.3 Analyzed results: unknown variables and variables for one of the measurement point  
(initial and corrected values). 

 

Unknown 
Initial 

value 
± A priori 

error 
Correction Corrected value ±Corrected error 

a [-] 0.97 ±0.97 0.076 0.89 ±0.055 
b [-] -0.08 ±0.08 -0.13 0.05 ±0.038 

A [mol g-1 

s-1 Pa-(a+b)] 
1.554×10-3 ±1.554×10-3 -0.2×10-3 1.354×10-3 ±3.5×10-4 

E [J mol-1] 117.22×103 ±117.22×103 -5.3×103 122.5×103 ±2.6×103 
 

Table 6.4 Analysed results: variables for one of the measurement point (initial and corrected values 
and their uncertainties) 

 

Unknown Initial value 
± A priori 

error 
Correction Corrected value ±Corrected error 

T 700 ±2.5 -0.30 700.30 ±0.36 

w 1.887 ±5.0×10-4 1 ×10-7 1.887 ±4.99×10-4 

ΔP 5.0×10-3 ±1.5×10-5 1 ×10-9 5.0×10-3 ±1.5×10-5 

4

i
CH _ vF  

37 ±7.4×10-2 -2.4×10-4 37.00 ±7.4×10-2 

2

i
H O_ vF  

0.07 ±2.8×10-3 9 ×10-5 0.07 ±2.78×10-3 

2

i
N _vF  

221 ±0.44 0.00 221.00 ±0.44 

4

o
CHm  

13.8 ±1 0.2 13.63 ±0.59 

2

o
Hm  

11.4 ±1 -0.04 11.43 ±0.79 

2

o
COm  

2.32 ±0.5 -0.24 2.56 ±0.15 
o

COm  

0.68 ±0.5 0.29 0.396 ±0.074 

 

Table 6.4 presents the results obtained for one of the measurement points and similar results 

can be observed in all the cases. It can be noted that the corrected data has a smaller 

uncertainty than the initially assumed one. It is an effect of applying the constraint equations, 

which provides additional information about the analysed system. The most significant 

improvement can be seen in the case of temperature measurement as well as in the results 

obtained from the gas chromatography – output flow rates of CH4, H2, CO2 and CO. 
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The residuum of the main equation of Eq. (6.1) can be understood as the inaccuracy of the 

calculated and measured reaction rate. Before the application of the GLS algorithm the 

residuals were calculated for all measurement points with the measured values and initially 

estimated parameters of reaction order coefficients a and b, pre-exponential factor A and 

activation energy E presented in Eq. (6.10). The sum of all the residuum, which is the total 

inaccuracy of the applied model, was equal to 1.43�10-2. After the GLS data adjustment the 

model (see Eq. (6.18)) was drastically upgraded. For new, corrected data and newly estimated 

values of the process parameters, the improvement of the model was proven by the 

recalculation of the residual values, of which the sum becomes almost 10 times smaller than 

the initial one and was equal to 1.5�10-3. 

 

6.8 Comparison of the result by the GLS and standard approach method 
 

After the preceded GLS method was applied, the simulation of the outlet gas composition and 

the fractional conversion were calculated on the basis of the reaction input, and it was done by 

the numerical algorithm proposed by Brus [94] and described in Section 3.8. The algorithm 

inputs are the reaction kinetic equation (parameters a, b, A and E) and the initial gas 

composition. The calculated results are presented in Figs. 6.7-6.9. Figure 6.7 presents the 

experimental outlet gas composition compiled with the one calculated on the basis of Eqs. 

(6.10) and (6.18). The presented results describe the reaction which occurred at the conditions 

of 
4CH
im = 50 mL min-1, SC=3 and NC=3 performed at temperature ranges between 575 oC 

and 700 oC. The simulation results present the improvement obtained by the application of the 

GLS algorithm – the solid lines, representing the reaction kinetic calculated after application 

of the GLS method, matches the experimental results more precisely than the dashed lines 

representing the initial kinetics equation. 

 

Figure 6.8 presents the fractional conversion calculated from the experimental results 

(Eq.(6.8)) coupled with the one estimated on the basis of the kinetic expression with the initial 

and corrected process parameters. The average difference between the experimental fractional 

conversion and the calculated one is 1.65% for the initial equation and 1.26% for the 

corrected equation. Not only a decrease in the mean error after GLS adjustment can be 

observed – the more important fact is, the corrected model is better fitted to the experimental 
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data in the whole temperature range. The initial one is adjusted to the experimental data good 

only for the small fractional conversions (specifically at lower temperatures). It is illustrated 

by the linear approximation lines in Fig. 6.8. Similar dependence can be observed also in Fig. 

6.9 which presents the correlation between the temperature and the fractional conversion of 

the reforming reaction conducted in the temperature range between 575 oC and 700 oC 

(
4CH
im =50 mL min-1, SC=3 and NC=3). The fractional conversions were calculated in three 

different ways: on the basis of the experimental data, with the initial kinetic equation and with 

the corrected kinetic expression. The graph shows that in the lower temperatures both models 

behave similarly and well fit to the data, but with increasing temperature the initial model 

deviates from the data more significantly. On the contrary, the model with the corrected 

kinetic equation works properly in the whole temperature range.  

 

The presented considerations are especially important in the light of the inconsistency found 

in the reaction kinetics on the methane/steam reforming process in the various works [4,8,11–

20,36,40–45]. The results shown in the discussion convince the necessity of evaluating the 

uncertainties and unknowns measured in the experiment and securing an approach to derive 

the reaction kinetics of the methane/steam reforming process. 
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Figure 6.7  The outlet composition of the reformed gas over Ni/YSZ catalyst. Experimental condition: 

SC = 3, NC = 3, 
4CH
im =50 mL min-1,  wcat  = 1.887 g 
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Figure 6.8  Correlation plots of the measured against the calculated fractional conversions, A) before 

the GLS method applied and B) after the GLS method applied 
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Figure 6.9  Fractional conversion of CH4 along the reaction temperature 
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7 Comparison of the reaction kinetics 

The reaction kinetics of methane/steam reforming has been studied for many years. 

Particularly, for SOFCs dedicated applications, the reaction kinetics was studied on the Ni-

based anode cermet material supported with solid oxides. The reaction kinetics of 

methane/steam reforming was derived as can be seen in many papers 

[32,37,39,113,123,125,147,148,150–153]. As mentioned previously, the formulas can be 

classified primarily into three basic concepts [32,37,39,148]: 

 

• General Langmuir-Hinshelwood kinetics [37],  

• first order reaction with respect to methane [32,116,123,150], which is also known as 

simplified Langmuir-Hinshelwood kinetics 

• power law expressions derived from data fitting [113,125,147,148,151–153].  

 

Those derived reaction kinetics are listed in Table 7.1 with additional literatures 

[38,81,123,193,207–210]. The derived reaction kinetics were obtained from the 

measurements conducted either on a shaped SOFC anode or on a packed catalysts in the form 

of powder. The reported activation energy of in particular Ni/YSZ supported catalysts lies in 

the range of 58 kJ mol-1 and 191 kJ mol-1. The reported range of the obtained activation 

energies is broad and the obtained activation energy is in the middle of the broad range. 

However, the majority of the values found on the cited literatures seems to be less than 100 kJ 

mol-1 [39].  

 

In the case of the power law expression, the estimated reaction orders are between 0.8 and 1.3 

and between -1.25 and 0.12, respectively for a and b. The derived reaction orders in the 

present study are in the ranges of reported reaction kinetics. 

 

A pre-exponential factor heavily depends on the physical properties of an used catalyst. The 

form and structure of the catalyst, fine powder or fabricated SOFC anode support, and 

prepared size of the Ni in the catalyst attribute to the microstructure and contact area, which is 

influential to the reaction rate. Table 7.2 shows the formula and the reaction kinetics which 
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Mogenesen found on a variety of samples [81]. The reported activation energies of the 

material from Ni/YSZ anodes used in the short- and long-term tests is in the range between 

164-185 kJ mol-1 and they are close. However, the reported pre-exponential factor is in the 

range from 1.7 ×  10-3 mol s-1 g-1 Pa-0.6 to 139 mol s-1 g-1 Pa-0.9. The materials used after long 

term and short-term tests differ remarkably, though the activation energies do not differ 

sufficiently. The large size of the nickel particles in the anode, giving a smaller surface area 

for the same nickel content and thus less active sites, will influence the reaction rate of the 

steam reforming [39]. In fact, the agglomeration of Ni toward to larger size has been observed 

in an Ar-H2(4%)-H2O(3%) atmosphere at 1000 °C with increasing exposure time, thus the 

change in the microstructure has been reported [95], which is coarsening Ni-supported solid 

oxide anode and is recognized as a major degradation phenomenon on the Ni/YSZ supported 

SOFC anodes [211]. 

 

Iwai et al. have conducted a derivation of the reaction kinetics on the various compositions of 

Ni/YSZ cermet samples, of which the Ni contents are 75 vol.%, 50 vol.% and 25 vol.% [151]. 

The investigated cermet material had a disk shape with a thickness of 30 µm, 6 mm and 13 

mm of inner and outer diameter respectively. The high-temperature sintering process of the 

catalyst materials resulted in the various microstructure of test samples. Table 7.3 shows the 

detailed information about the composition and microstructure of the prepared samples and 

the determined steam reforming process kinetics [151]. The reaction orders and activation 

energies they found are very similar for various compositions of the catalysts, however, the 

values of the pre-exponential factors derived on the basis of the apparent surface area are 

inconsistent among the various compositions. On the other hand, the values of the modified 

pre-exponential factors based on the Ni-pore contact area becomes close to each other. It 

seems that the composition of Ni and YSZ does not affect the pre-exponential factor, 

nevertheless, the microstructure created by the different compositions gives significance on 

determining the pre-exponential factor [151].  

 

A comparison of the derived reaction kinetics with the results obtained in this study is shown 

in Figs. 7.1 and 7.2 For the comparison, models from two concepts, ii) first order reaction 

[32,116] and iii) power-law expression [81,147,148,153], were used. In demonstrating the 

comparison, formula and the values of reaction orders a and b, and the activation energy E are 

directly based on the literature data. Additionally, the following assumptions were made:  
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• The measurement is conducted on the packed catalyst bed. 

• The used catalyst is prepared in the form of fine powder of at least 0.85 µm to avoid 

the effect of mass transport phenomena on the reaction kinetics.  

• The properties of the used catalyst, density, porosity and active area, are the same as 

the one used in the present study. Properties such as density, porosity, support material 

and general microstructure influence the catalytic behaviour of the catalytic material 

and finally define its active area and are included in the value of the pre-exponential 

factor. 

• Thus, the microstructure of the used catalyst is assumed to be the same as the one used 

in the present study. 

 

Based on those assumptions, the pre-exponential factor is recalculated for all the reaction 

models to be adjusted to the experimental conditions incorporated in this study – the value of 

pre-experimental factor A is determined so that the standard deviation of A based on the 

experimental results becomes minimal. All of the reported studies for deriving the reaction 

kinetics did not use the exact same methodology to describe measurements, and moreover did 

not follow the appropriate conditions to avoid the possible effects of mass transport [39]. 

Thus, the reported kinetics may be specific to the setup of their systems, and will probably fail 

to describe and represent other systems [39]. By postulating the above mentioned assumption 

and applying the preceded approach, all the models are now modified and constrained to 

certain specification that have been applied in the present measurement and the comparison of 

the proposed models can be considered as practical and meaningful.  

 

Figures 7.1 and 7.2 present the results obtained in two exemplary experimental conditions 

with the theoretical fractional conversion of methane based on the literature data and the 

present study. The results show that the kinetic model proposed in this study is the most 

accurate for the various operational conditions. Some of the competitive kinetic equations 

presented in the literature approximate the experimental results well in the limited 

temperature range (Mogensen equation) or for specified SC conditions (Lee equation). 

However, the overall accuracy of the model derived in this study exceeds the other models in 

the case of the analysed cases. 
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Table 7.1 The used formula for the steam/methane reaction and derived reaction kinetics found in the literatures [4,8,11-15,17-20,22,36,40-45] 

Reference Material Ni 
content Reaction rate formula Pre-exponential factor A 

Activation 
energy 

E [kJ mol-1] 
(i) General Langmuir-Hinshelwood kinetics

 

  

Xu and Froment 
[37] Ni/MgAl2O4    

r = k pCH4

2.5 pCH4
pH2O − pCO pH2

3 K( ) α 2

+ ′k pCH4

2.5 pCH4
pH2O − pCO pH2

3 ′K( ) α 2

 
2 2

2 2

4 4

2

CO CO H H

H O H O
CH CH

H

1 K p K p

K p
K p

p

α = + +

+ +
 

  

Bebelis et al.[193]  Ni/YSZ 70 wt.% 2 4

4

2 2

H CH
CH

H O H O

1 ad
ad

r

p pkr k p
k K p

⎛ ⎞
= −⎜ ⎟⎜ ⎟⎝ ⎠

 

  

Nakagawa et al. 
[210] Ni/YSZ/CeO  ( )

4 4 2 2

4 4 2 2

CH CH H O H O
2

CH CH H O H O1

kK p K p
r

K p K p
=

+ +
 

  

Peters et al. [38] Ni/YSZ 50 wt.% ( )
4 4 2 2

4 4 2 2 2 2

CH CH H O H O
2

CH CH H O H O CO CO1

kK p K p
r

K p K p K p
=

+ + +
 

  

Dicks et al. [212] Ni/ZrO2  ( )
4

2 2 2 2

CH

1/2
H H S H O H1

n

kp
r

K p K p p
=

+ +
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Table 7.1 The used formula for the steam/methane reaction and derived reaction kinetics found in the literatures [4,8,11-15,17-20,22,36,40-45] – continuation 
 

Reference Material Ni 
content Reaction rate formula

 

Pre-exponential factor A 
Activation 

energy 
E [kJ mol-1] 

(ii) Expression with first order kinetics respect to methane

 

  
Akers and Camp 
[209] 

Ni-based 
material  4CHr kp=

 

  

King et al. [150] Ni/YSZ 50 wt.% 
4CHr kp=   113~124 

Achenbach [116]   
4CHr kp=

 

4.274× 10-2[mol s-1 m-2 Pa-1] 82 
Belyaev et al. [207] Ni/ZrO2/CeO2  

4CHr kp=

 

2.57×10-2 [mol s-1 g-1 Pa-1] 82 

Achenbach and 
Riensche [123] Ni/ZrO2 20 wt.% 2

4

4 2

3
CO H

CH
CH H O

1
p

p p
r kp

p p K
⎛ ⎞

= −⎜ ⎟⎜ ⎟⎝ ⎠
 

4.274× 10-2[mol s-1 m-2 Pa-1] 82 

Wei and Iglesia [32] Ni/MgO 7 wt.% 2

4

4 2

3
CO H

CH
CH H O

1
eq

p p
r kp

p p K
⎛ ⎞

= −⎜ ⎟⎜ ⎟⎝ ⎠
 2.5×102 [s-1 Pa-1] 102 
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Table 7.1 The used formula for the steam/methane reaction and derived reaction kinetics found in the literatures [4,8,11-15,17-20,22,36,40-45] – continuation 
 

Reference Material Ni 
content Reaction rate formula

 
Pre-exponential factor A 

Activation 
energy 

E [kJ mol-1] 
(iii) Power-law expressions derived from data fitting

 

  

Yakabe et al. [113] Ni/YSZ  ( ) ( )4 2

1.3 1.2

CH H Or k p p
−

=

  

  191 
Ahmed and Foger 
[125]  Ni/YSZ  ( ) ( )4 2

0.85 0.35

CH H Or k p p
−

=   
27.012[mol s-1 m-2 Pa-0.5] 95 

Iwai et al.[151]  Ni/YSZ 
75 vol.% 
50 vol.% 
25 vol.% 

( ) ( )4 2

0.82 0.12

CH H Or k p p=

 

0.1324[mol s-1 m-2 Pa-0.96] 
0.103[mol s-1 m-2 Pa-0.96] 
0.07[mol s-1 m-2 Pa-0.96] 

89.7 
87.0 
89.3 

Lee et al. [153] Ni/ZrO2 60 vol.% ( ) ( )4 2

1.0 1.25

CH H Or k p p
−

=  4.3~42[mol s-1 g-1 Pa0.25] 74~98  

Odegard et al. [147] Ni/YSZ 60 vol.% 
CH4

1.2r kp=  1.73× 10-6[mol s-1 g-1 Pa-1.2] 58 
Timmermann et al. 
[152] Ni/CGO  

CH4

1.19r kp=  4.05× 10-5[mol s-1 m-2 Pa-0.9] 26 

Brus [148] Ni/YSZ 60 vol.% ( ) ( )4 2

0.98 0.09

CH H Or k p p
−

=

 

1.55×10-3[mol s-1 g-1 Pa-0.89] 117 

Mogensen [81]  Ni/YSZ  ( ) ( )4 2

0.8 0.2

CH H Or k p p
−

=  1.7× 10-3[mol s-1 m-2 Pa-0.9] 183 
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Table 7.2 The reaction kinetics of the methane steam reforming on various catalysts derived by 
power-law expression by Mogensen [81] 

 

Description Reaction rate formula 

Pre-
exponential 

factor 
A 

Activation 
energy 

E 
[kJ/mol] 

Model anode material 
Ni composition: 42 wt.%, 

size of the particles: approx. 
0.3mm 

  
r = k pCH4

( )0.9
pH2O( )−0.2

pCO2
( )0.2

 139 [mol s-

1 g-1 Pa-0.9] 185 

Industrial anode material ( ) ( ) ( )4 2 2

0.8 0.2 0.2

CH H O COr k p p p
−

=  23 [mol s-1 
g-1 Pa-0.8] 166 

Industrial stack anode 
material after short term test 
(Material of anode crushed 

with electrolyte) 
( ) ( )4 2

0.8 0.2

CH H Or k p p
−

=  
1.7×10-3 

[mol s-1 g-1 
Pa-0.6] 

183 

Industrial anode from stack 
after long term test (Material 

of anode crushed with 
electrolyte) 

( )4
0.8

CHr k p=  15.3 [mol s-

1 g-1 Pa-0.8] 164 

 

 
Table 7.3 Comparison of reaction kinetic parameters for various materials derived with respect to 

their microstructure by Iwai et al. [151] 
 

 Sample A Sample B Sample C Sample 
D 

Composition 
of the 

catalyst 

Ni [vol.%] 32 34.6 10.3 37.1 
YSZ [vol.%] 9.8 31 29.8 39.4 
Pore [vol.%] 58.2 34.4 59.9 39.4 

Contact area density between Ni and 
pore [µm2 µm-3] 0.740 0.785 0.388 0.283 

Reaction 
kinetic 

parameters 

a [-] 0.82 0.82 0.82 0.84 
b [-] 0.14 0.14 0.14 0.11 

E [kJ mol-1] 89.7 87.0 89.3 86.3 
A based on apparent 

surface area 0.132 0.103 0.07 0.036 

A based on Ni-pore 
contact area 0.126 0.111 0.116 0.108 
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Figure 7.1 The comparison of the obtained fractional conversion with ones obtained from the 

proposed reaction kinetics in the published literature [32,81,116,147,148,153] in the conditions of SC 
= 3, NC = 3 
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Figure 7.2 The comparison of the obtained fractional conversion with the ones obtained from the 
proposed reaction kinetics in the published literature [32,81,116,147,148,153] in the conditions of  

SC = 4, NC = 2 
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8 Validation of the various 
mathematical models by GLS  

An application of the Generalized Least Squares algorithm to the methane/steam reforming 

process was presented in Chapter 6. As it was introduced, the constraint equation set 

describing the physical phenomena, is implemented directly in the GLS numerical algorithm 

and determines the quality of the modelling. One of the features of the GLS method is the 

possibility of providing an objective mathematical evaluation and quantification of the 

proposed numerical model. In the present chapter, this feature of the GLS method will be 

applied to judge the quality of the proposed models for the methane/steam reforming process. 

 

8.1 Proposed mathematical models for methane/steam reforming process 
 

To implement a general algorithm and apply the GLS method, the mathematical model 

describing the chemical process has to be decided. The proposed numerical analyses include 

various sets of equations to present an increase in the security of the final result with an 

increasing number of constraints.  All the considered models are summarized in Fig. 8.1, and 

they are consisted with the equations presented in Section 6.2 (Eqs. (6.1)-(6.7)). Each of the 

models includes 52 measurement points defined by the various flow rates of methane, SC and 

NC ratios. At every measurement point, 10 variables were measured. Then, the constraints 

defined in the model were applied to every measurement point. The number of variables and 

total number of equations in the proposed models are presented in Fig. 8.1.  

 

In the analysis, 8 black-box tests for various models describing the methane/steam reforming 

process were conducted. Here, the detailed construction of constraint sets for every test are 

given. Test 1 includes only one type of equation - the general reaction rate equation governing 

the process (Eq (6.1)). Tests 2-4 add one additional type of equations: the water-gas-shift 

equation (Eq (6.2)), the Arrhenius equation (Eq (6.3)) and the balances of the elements (Eq 

(6.4)-(6.7)) for Tests 2, 3 and 4 respectively. It should be noted that the balance of the 

elements, in fact, defines 4 various constraint equations. Models in both Tests 6 and 7 are 
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built with 3 different types of equations (see Table 5) and the model in Test 8 consists of all 

of the postulated constraints. It should be noted that Test 8 is based on the same equation set 

as the one proposed in Chapter 6. 
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Figure 8.1 Conducted tests and the number of variables and equations included in the each model 
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The general construction of vector x with measured and unknown variables and covariance 

matrix CV were introduced in Chapter 6. Here, the analogical construction is used. 

Calculations are conducted for the unsintered NiO/YSZ (60:40vol.%) catalyst material 

provided by the AGC SEIMI CHEMICAL CO. LTD.  

 

8.2 Results of validation of the models 
 

The results after the application of the GLS algorithm with the postulated various sets of 

constraints equations are summarized in Table 8.1. The calculated values of the most 

important unknowns describing the reaction order coefficients in respect to methane and 

steam partial pressure, activation energy and pre-exponential factor that were given are 

characterized by the a posteriori uncertainties. In all the cases, the same initial values of the 

parameter and their uncertainties were assumed – the values were chosen on the basis of 

preliminary computations incorporating the stoichiometry of reaction, described in 

Section 6.5. Note that the values of the activation energy and Arrhenius constant were scaled 

down in the numerical calculation respectively by the factor 10-4 and 10-2, however it does not 

influence final results. The decrease of a posteriori uncertainty of the final result can be 

observed in comparison with a priori error in all the analyzed cases.  

 
Table 8.1 Results of the analysis with the GLS algorithm: parameters a, b, A and E with their 

uncertainties for tests with a different number of equations in the model (the values of parameters 
directly applied in the GLS algorithm) 

 

 a [-] b [-] 
A×10-2 [mol g-1 

s-1 atm-(a+b)] 
E×10-4  [J mol-1] 

Initial 0.97 ±0.97 -0.08 ±0.08 26.58 ±26.58 11.72 ±11.72 

Test 1 0.96 ±0.94 -0.08 ±0.08 26.60 ±26.51 12.30 ±2.19 

Test 2 0.52 ±0.87 -0.09 ±0.08 28.79 ±26.49 14.64 ±1.80 

Test 3 0.97 ±0.93 -0.08 ±0.08 26.55 ±26.25 12.27 ±2.15 

Test 4 0.88 ±0.06 0.08 ±0.04 39.29 ±11.93 12.16 ±0.29 

Test 5 0.55 ±0.86 -0.09 ±0.08 28.36 ±26.23 14.57 ±1.78 

Test 6 0.88 ±0.06 0.08 ±0.04 37.91 ±11.25 12.13 ±0.28 

Test 7 0.90 ±0.06 0.05 ±0.04 42.48 ±11.21 12.29 ±0.27 

Test 8 0.89 ±0.05 0.05 ±0.04 41.22 ±10.53 12.25 ±0.26 
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On the basis of the results presented in Table 8.1, the final versions of the reaction rate 

equation obtained in the conducted tests can be presented: 

 

Test 1: Rst = wcat ⋅ r = wcat ⋅1.745×10
−3 ⋅exp −123×103

RT

!

"
#

$

%
& pCH4( )

0.96
pH2O( )

−0.08
 (8.1) 

Test 2: Rst = wcat ⋅ r = wcat ⋅0.338 ⋅exp
−146×103

RT

$

%
&

'

(
) pCH4( )

0.52
pH2O( )

−0.09
 (8.2) 

Test 3: Rst = wcat ⋅ r = wcat ⋅1.552×10
−3 ⋅exp −123×103

RT

!

"
#

$

%
& pCH4( )

0.97
pH2O( )

−0.08
 (8.3) 

Test 4: Rst = wcat ⋅ r = wcat ⋅1.025×10
−3 ⋅exp −122×103

RT

!

"
#

$

%
& pCH4( )

0.88
pH2O( )

0.08
 (8.4) 

Test 5: Rst = wcat ⋅ r = wcat ⋅0.235⋅exp
−146×103

RT

!

"
#

$

%
& pCH4( )

0.55
pH2O( )

−0.09
 (8.5) 

Test 6: Rst = wcat ⋅ r = wcat ⋅0.989×10
−3 ⋅exp −121×103

RT

!

"
#

$

%
& pCH4( )

0.88
pH2O( )

0.08
 (8.6) 

Test 7: Rst = wcat ⋅ r = wcat ⋅1.243×10
−3 ⋅exp −123×103

RT

!

"
#

$

%
& pCH4( )

0.9
pH2O( )

0.05
 (8.7) 

Test 8: Rst = wcat ⋅ r = wcat ⋅1.354×10
−3 ⋅exp −123×103

RT

!

"
#

$

%
& pCH4( )

0.89
pH2O( )

0.05
 (8.8) 

 

where, wcat  stands for the weight of a catalyst [g] and p indicates the partial pressure [Pa].  

 

Figure 8.2 presents changes in the uncertainty of the reaction orders with respect to the partial 

pressure of methane and steam, and the changes in uncertainty of the most important 

remained unknowns of the model is shows in Fig. 8.3; the activation energy and the Arrhenius 

constant were shown. It can be noticed that, in general, the uncertainty of the parameters 

decreases with increasing number of equation in the process model. Although, there is a 

significant difference in the type of constraints and their influence on the solution; the highest 

effect on the security of the final results has the balance of the elements. The tests containing 

the elemental balances are: Test 4, Test 6, Test 7 and Test 8. The significant decrease of 
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uncertainties characterizing all variables a, b, A and E is clearly noticeable in those tests (see 

Figs. 8.2 and 8.3). 

 

To illustrate the process of decreasing the volume of the covariance matrix CVB was 

calculated after the data reconciliation process, the results of all the tests were plotted in Fig. 

8.4. The three-dimensional graph presents the correlation of the nominal values and 

uncertainties of the reaction orders and activation energy calculated in each test. As only 

limited number of parameters could be presented in a 3-D correlation graph, those variables 

were chosen on the basis of the criteria described in Chapter 7. The excluded pre-exponential 

factor is the most dependent variable on the structure of used material and the other one is 

more universal. The volume of the covariance matrix CVB constitutes the measure of the 

quality of the obtained solutions as it was introduced in Section 2.6. The covariance ellipsoid 

is defined by the central point, which is the vector of values of variables after co-ordination 

(here the values of the reaction orders and activation energy) and by semi axes, which are 

equal to the uncertainties of respective variables. The tests characterized by the smaller 

volume of the covariance ellipsoid (and equivalently the smaller sum of the diagonal elements 

in covariance matrix) better describes the considered problem. To explain this idea, the two-

dimensional projection over the axis defining reaction order in respect to methane and 

activation energy was presented in Fig. 8.3.  

 

No significant difference can be noticed in the results of Test 1 and Test 3, as it is shown in 

Figs. 8.4 and 8.5. Those tests have different constraint equation sets: Test 3 contains the 

reaction rate equation and the linear Arrhenius correlation, while Test 1 includes only the 

reaction rate equation. Similar dependency is observed for Test 2 and Test 5: no significant 

difference in results, and constraint equations sets are varied only by the inclusion of the 

Arrhenius equation. Therefore, it can be concluded that the linear Arrhenius correlation does 

not influence significantly the quality of the description of the methane/steam reforming 

process. 
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Figure 8.2 Results of the analyzed tests presenting the obtained values of the parameters and their 

uncertainties: A) reaction order a and B) reaction order b 
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Figure 8.3 Results of the analyzed tests presenting the obtained values of the parameters and their 

uncertainties: A) activation energy and B) Arrhenius constant 
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Figure 8.4 Results of the analyzed tests presenting the obtained values of the parameters and their 

uncertainties for the parameters of the reaction orders and the activation energy 
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Figure 8.5 Decrease in the volume of the covariance matrix in the projection over the axis defining 

reaction order with respect to methane and activation energy 
 

The effect of the equations, defining the balance of elements to the volume of the covariance 

ellipsoid to be decreased in Tests 4, 6, 7 and 8, is clear as shown in 3D and 2D projections in 

Figs. 8.4 and 8.5. Those deliberations are generalized in Figs. 8.6 and 8.7 showing the 

averaged decrease of the uncertainty in each model for the most important parameters and the 

sum of the diagonal elements of the covariance matrix assembled with the measurements and 

unknowns. The large increase found on the security of the measured and unknown variables 

in all the cases where the balances of elements were included. The smallest uncertainty of the 

final result was obtained in Test 8 and Eq 8.8 expresses the kinetic of the process. 
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Figure 8.6 Results of the analyzed Tests: a decrease in the final average uncertainty of the compared 
with initial uncertainty of the unknown parameters of a, b, A and E 
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Figure 8.7 Results of the analyzed Tests: sum of diagonal elements of the covariance matrix CVB after 
the application of the GLS algorithm for: A) measurements and B) unknowns: a, b, A and E 
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9 Conclusions 

This dissertation describes techniques and models designed for experimental and numerical 

studies of the methane/steam reforming process over a nickel catalyst. The primeval focus is 

on the issues relevant for the incorporating internal reformer into Solid Oxide Fuel Cells 

system fuelled with hydrocarbon fuel. The lack of uniform depiction, discrepancies between 

proposed reaction kinetics and the significant influence of the incorporated reforming model 

in the simulation of the SOFC systems justify the urgent necessity for the systematization of 

descriptions and a reliable strategy for evaluation the methane/steam reforming kinetic. 

 

9.1 General remarks 
 

In the scope of thesis the following topics were concerned and discussed. 

 

Mathematical algorithms and models 

Chapters 2 and 3 of the thesis introduced the mathematical methods, modelling techniques 

and numerical algorithms proposed for the designation of the methane/steam reforming 

process. The described theoretical bases were introduced to prepared numerical codes and 

analysis presented in the subsequent chapters. In particular, Chapter 2 summarizes the 

mathematical deliberation of the Generalized Least Squares Method and the potential benefits 

of its incorporation into the determination of the kinetic of the highly nonlinear chemical 

process. The classical methods of deriving methane/steam reforming kinetic were introduced 

in Section 3.1. The succeeding sections introduce the mathematical basis of standard and 

modified approaches to determine the parameters in the power law expression describing 

methane/steam reforming. Further, the modified approach was generalized in order to conduct 

calculations simultaneously for all results measured at different temperatures. The last Section 

3.8 describes a method of simulation of the composition of the outlet gas composition from 

determined input conditions. All of the presented algorithms were implemented numerically 

in C language and MATLAB package and used in the analysis. 
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Experimental studies 

The experimental studies, conducted as part of this dissertation are described in Chapter 4 and 

supplementary data concerning the experimental setup and prepared catalysts are given in 

Appendices A and B, respectively. The experimental part of the research was divided into two 

primal sections. Firstly, the methodology of preparation catalytic materials for methane/steam 

the reforming process was designed. The different types of powders (Ni/NiO) and dispersion 

agents were tested; furthermore parameters such as sintering curve, binder agent, mixing and 

crushing time were adjusted to follow the laboratory and industrial processes of preparing the 

SOFC anodes. Then, the prepared catalytic materials were tested experimentally in the plug-

flow reactors. The studies were conducted on the crushed catalyst in order to avoid the 

influence of mass transfer in the porous material, which can disturb the results of 

investigation focused on catalytic properties. The experimental conditions relevant for the 

proposed numerical algorithms were designed with respect to the specific requirements of 

each mathematical technique introduced in Chapter 3. Additionally, the correlation between 

the Gas Space Hourly Velocity and the predicted conversion rate of methane were delivered 

and discussed in the context of delivering the correct kinetic equation.  

 

Classical analysis of methane steam reforming – comparison of approach  

Chapter 5 is divided into two parts. Firstly, the classical approaches to modelling and 

investigating the methane/steam reforming process were applied to the experimental studies 

on nickel cermet catalyst with volumetric composition of Ni equalled 60%. The standard and 

modified methods popularly adopted in the literature were compared. An improvement in the 

modified method for the simultaneous calculation was proposed: the appropriate reaction 

order was selected in terms of giving the smallest sum of the relative standard deviation found 

in the reaction constant for all of the temperatures simultaneously. The influence of the 

experimental data set for every calculated algorithm was discussed. Finally the activation 

energy and pre-exponential factor were derived from the Arrhenius plot. The proposed 

equation was used to simulate the reforming process and compare numerical and experimental 

results. The influence of the temperature and steam-to-carbon ratio for the outlet gas 

composition and the conversion rate of methane were discussed.  Good agreement was found 

for the results characterized by the conversion rates lower than 60%. In this context, the 

change in the experimental conditions and the increase of Gas Space Hourly Velocity are 

justified in order to derive the proper kinetic equation.  
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The updated experimental conditions were applied to the analyses in the second part of 

Chapter 5. The influence of the volumetric composition of nickel cermet catalyst was 

experimentally investigated. The reaction order rates for various catalytic material were 

provided and compared with Mogensen and Iwai' research findings, who investigated SOFC 

dedicated materials. The results were found to be convergent and independent on the 

volumetric composition in terms of reaction orders. 

 

Application of Generalized Least Squares Algorithm 

The Generalized Least Squares (GLS) method is known as a data reconciliation methodology. 

The reconciled data are more precise in general than the corresponding set of measurements. 

By the application of the GLS algorithm, the mass and energy balances as well as the physical 

constraints describing the measurement system are closed and the model is coherent. The 

application of the GLS method results in an improvement in the quality of the obtained 

solution by decreasing the uncertainties of the model. In Chapter 6 a novel approach to 

evaluate the reaction kinetics of the methane/steam reforming process by adopting an 

Orthogonal Least Squares method was introduced. The advantages of such an approach 

enables a more general analysis of the problem and provides more precise information about 

obtained results, which includes their uncertainty. The Generalized Least Square (GLS) 

method was applied to the calculation of the empirical parameters of the methane/steam 

reforming reaction on a Ni/YSZ SOFC anode cermet catalyst: the pre-exponential factor of A, 

the activation energy E, the reaction orders with respect to CH4 and H2O, a and b, and 

therefore to the estimation of the reaction rate and the methane conversion rate of the steam 

reforming process.  

 

The application of the GLS algorithm is divided into three main phases: the experimental 

investigation of the methane/steam reforming process over a fine powder catalyst of 

NiO/YSZ, the numerical analysis of collected data which aimed to find the initial 

approximations of empirical parameters describing the process, and finally the definition and 

application of the operators of the GLS algorithm. 

 

In Chapter 6 all elements of the GLS algorithm were precisely defined. The introduced 

mathematical model has been based only on the fundamental physical equations describing 

the chemical process, and it can be noted that it does not contain any additional assumptions 

in accordance with the precise stoichiometry of the occurring reactions. This property 
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provides for greater versatility of the proposed methodology in comparison with approaches 

used in the previous studies.  The experimental measurements and process unknowns were 

introduced to the variables vector x. In the standard approach to the calculation of the 

reforming reaction kinetic, different series of experimental measurements are used to 

calculate the reaction rates and different experimental conditions are required to determine the 

activation energy and Arrhenius constant. On the other hand, one of the requirements in the 

proposed GLS model is that all of the experimental results are subjected to all of the model 

equations, and they have to fulfil all the constraints imposed on the problem. Then, because of 

the large redundancy in the model definition, an increase in the security of the final solution is 

observed; it is significant especially when the measurements are influenced by process 

variability and experimental inaccuracies.  

 

It was proven that the proposed GLS method not only allows for obtaining the most probable 

values of the estimated parameters but also makes possible the a posteriori evaluation of the 

errors of the directly measured variables and unknown parameters. It was demonstrated that 

the GLS method is useful in securing higher accuracy of measured data and decreasing the 

value of the residuum of the constraint equations. The present results primarily proved an 

applicability of the GLS methodology into the investigation of a chemical reaction process for 

deriving its reaction kinetics.   

 

Critical Comparison with literature data 

A critical comparison of the obtained results with the literature data and discussion on the 

possible reasons for the essential discrepancies between various studies are presented in 

Chapter 7. The considerations were focused on the literature studies on methane/steam 

reforming over nickel cermet catalyst. The multiplicity of the derived modelling equations 

was listed. The chosen equations were later compared with the results derived in Chapter 6. In 

order to give a meaningful comparison, the unification of pre-exponential factors had to be 

conducted, as this parameter is most fragile for individual properties of material and many 

authors do not provide enough information to identify the investigated catalyst 

unambiguously. The highest correlation between experimental data and a modelling equation 

was obtained for the model derived by the GLS algorithm in Chapter 6. 
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Validation of models for reforming process 

The GLS method has the potential to provide objective criteria for the formal evaluation and 

falsification of different mathematical models of the methane reforming process. The studies 

in Chapter 8 particularly focused on the importance of the mathematical expressions, of the 

physical phenomena occurring in the chemical reforming system. The analysis was conducted 

in the light of improving the precise quantification of uncertainties found in the evaluation of 

the chemical reaction process and providing a reliable reaction rate equation. The analysis of 

the volume of covariance ellipsoid provides information about the importance and influence 

of separated constraints on the final results. The various models of the reforming process 

analysed in Chapter 8 proved a significant decrease in the uncertainty of the model with 

increased numbers of modelling equation. The increased security was observed for both: 

measurements and unknown variables. It was pointed out, that not all constraints are equally 

valuable, from the point of view of increasing security of the model: the balances of the 

elements in the system had a critical influence, while the linear Arrhenius correlation slightly 

changed the result and volume of the covariance ellipsoid. The variations in the volume of the 

covariance ellipsoid were explained in intuitive projections on three and two-dimensional 

variable spaces. 

 

9.2 Suggestions for future work 
 

The presented research for methane/steam reforming process attempted to clarify, classify and 

compare the different experimental and numerical approaches developed over years of studies 

in the field. The proposed comprehensive description with respect to the simultaneous 

numerical-experimental methodology in the form of the Generalized Least Squares method 

introduces novel quality and reliability into studies on highly nonlinear catalytic reactions.  

 

The recommendation for the future work can be given as a research topics related to the 

presented investigations: 

Incorporating GLS method for methane/steam reforming over various catalysts and analysis 

of different catalytic reactions. The proposed algorithm of GLS can be easily adapted to the 

mathematical modelling of the fuel reforming process for different catalysts and experimental 

conditions. Also, the various constraint models can be easily implemented, as they do not 

change the structure of the numerical algorithm but only insert an additional procedure. The 
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proposed approach can clarify the divergence between the published contradictory results 

about the reaction kinetics’ parameters. The application of the GLS method can provide a 

great benchmark in the evaluation of the chemical process and qualify the level of 

mathematical modelling of reaction processes. 

 

Applying of the GLS algorithm for design of the most favourable experimental conditions. It is 

postulated, that the complex interactive computational-experimental approach can be applied 

in order to design the minimal experimental set, which secures highest accuracy of the final 

solution. By the analysis of the changes in the covariance matrix after the co-ordination 

process by GLS algorithm, it is possible to evaluate influence of the included data for the 

uncertainties characterizing the final solution. Therefore, the GLS algorithm can be further 

used to identify the influence of the experimental data set and experimental uncertainties of 

the measuring devices for the quality of model. With this knowledge, it is possible to design 

the minimal experimental data set, resulting in the assumed quality of the model  

 

Evaluating the influence of the applied model for the behaviour of the reformer and SOFC. 

The presented research can be applied for the sensitivity analysis of the influence of the 

applied methane/steam reforming model for the behaviour of reforming reactor or SOFC unit 

with internal reforming. This type of study would be very valuable in order to define the 

acceptable uncertainty of the reforming reaction model, which does not signify influence the 

security of the system modelling. On the basis of this information, the experimentation for the 

various catalysts can be planned to achieve the expected security level with the minimal 

number of the experimental measurements. 

 

Studying the methane/steam reforming with respect to the micro-model. In the microstructure 

models of the methane/steam reforming it is important to derive the reaction rate with the 

respect to the catalyst surface area. The presented research was conducted on the Nickel based 

catalysts in the form of the fine powder. This excludes the influence of the porosity and 

microstructure of material, as it was assumed that reforming reaction occurs in the whole 

volume of the catalyst. However in the case of internal direct reforming for SOFC, the 

microstructure model including the 3D structure of material, mass and heat transfer 

phenomena, as well as chemical and electrochemical reactions is necessary. These issues 

should be further experimentally and numerically investigated. 
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Appendix A: Details of the 
experimental apparatus 

Here, the detailed specifications of the experimental equipment are listed (see Table A.1). 

 
Table A. 1 Specification of devices used for building experimental setup 

 
Equipment 
designation Model Producer Quantity 

Containers 
Reformer R3A03828 OKURA RIKEN 1 
Purifier R3A03830 OKURA RIKEN 1 

Vaporizer R3A03829 OKURA RIKEN 1 
Water tank TK-140 KATO STAINLESS 1 

Cooler R3H02162 OKURA RIKEN 1 
Gas-liquid seprator R3H02271 OKURA RIKEN 1 

Heaters 
Vaporizer heater 1M-1-600 SAKAGUCHI E.H 1 
Electric furnace R3H02375 ASAHI RIKA 1 

Moisturizing cover 
  

1 
Mantle heater 

  
1 

Pump 

Tubing pump NP-KX-110 
NIHON SEIMITSU 

KAGAKU 
1 

Flow controllers 
Massflow controller HM1141A08Z011111D141 HEMMI Slide Rule 1 

Flow meter 
RK1250-15-B-1 

4-H2-300ML/MIN-0.1MPa 
KOFLOC 1 

Flow meter 
RK1100-PV-15-A-1 

4-N2-300ML/MIN-0.1MPa 
KOFLOC 1 

Dry gas meter DC-Da-1C SHINAGAWA 1 
Perssure controllers 

Perssuer gauge DRM2-S01N G1/4 NISSHIN KEIKI 3 
Pressure transmitters KH15-623-6711003 NAGANO KEIKI 1 
Pressure gauge with 

contact 
DBU2E-φI75-G1/4-2MPa-SUS EBARA KEIKI 1 
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Valves 
Stop valve SS-41GS2 Swagelok 5 
Stop valve SS-42GS4 Swagelok 2 

Three-way valve SS-41GXS1 Swagelok 1 
Three-way valve SS-41GXS2 Swagelok 1 

Pressure deducting 
valve 

RD4-254 HEMMI Slide Rule 3 

Clack valve SS-2C-1 Swagelok 3 
Clack valve SS-2C-25 Swagelok 1 
Safety valve SS-RL3S4 Swagelok 1 

Electromagnetic valve AB31-01-1-E00B-AC100V CKD 2 
Electromagnetic valve AB42-02-3-E00B-AC100V CKD 1 

Other apparatuses 
Electronic balance GF-3000 A�D 1 

Thermocouple S6A-K16-C-U-350-KXG-100 ICHIKAWA METAL 1 
Thermocouple S6A-K32-C-U-150-KXG-100 ICHIKAWA METAL 1 
Thermocouple S6A-K16-C-U-200-KXG-100 ICHIKAWA METAL 1 
Thermocouple S6A-K10-C-U-400-KXG-100 ICHIKAWA METAL 1 

Gauges 
Thermoregulator 

indicator 
UT150-VN/AL Yokogawa Electric 3 

SSR G3NA-210B  DC5�24V OMRON 3 
Temperature indicator UT130-RN Yokogawa Electric 1 

Massflow indicator DM1501A HEMMI Slide Rule 1 
Massflow adjuster DP1001A HEMMI Slide Rule 

 
Massflow 1ch power 

source 
PU1501A HEMMI Slide Rule 6 

Pressure indicator SD16-890-1300 SHIMADEN 1 
Gas meter indicator SUP SHIMADEN 1 

H2 gas alarm GP-571A-A5 RIKEN KEIKI 1 
CO gas alarm FU-3C FUSORIKA 1 
Seismoscope D7H-A1 OMRON 1 

Peripherals 
Gas chromatograph GC390B GL Sciences 1 

Methanizer MT221 GL Sciences 1 
Humidistant DP281 GL Sciences 1 
Control timer RT730 GL Sciences 1 
Date logger 8422-50 HIOKI 1 

Ciruculatory cooling LTC-1200N AS ONE 1 
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Appendix B: Properties of 
investigated catalysts 

B.1 SEM images of catalyst powders 
 

The prepared catalyst materials were investigated by the Scanning Electron Microscopy 

(SEM) method. The industrial catalysts of NiO/YSZ (60:40vol.%) and NiO/SDC 

(60:40vol.%), from AGC SEIMI CHEMICAL CO. LTD., are presented in Fig. B.1. In 

Figs. B.2 and B.3, the laboratory-scale catalysts of NiO/YSZ (60:40vol.%) and Ni/YSZ (in 

various compositions of 70:30vol.%, 60:40vol.%, 50:50vol.%, 40:60vol.% and 30:70vol.%) 

are presented. Essentially, all the presented catalysts are in the form of NiO/YSZ after the 

sintering process and before the reduction process. However, there is a difference among 

them depending on the fact that whether a NiO/YSZ mixture was prepared with Ni powder or 

NiO powder before the sintering process. Note that to clearly distinguish them, the term 

“NiO/YSZ” and “Ni/YSZ” was used here whenever the actual form of the catalyst is.  
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A)#NiO/YSZ#60:40%vol###

B)#NiO/SDC##

 
 

Figure B. 1 SEM images of the catalyst powders from AGC SEIIMI CHEMICAL CO. LTD.,: A) 
NiO/YSZ (60:40vol.%) and B) NiO/SDC (60:40vol.%) 
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B)#Ni/YSZ#70:30%vol##

C)#Ni/YSZ#60:40%vol##

A)#NiO/YSZ#60:40%vol##

 
 

Figure B. 2 SEM images of the mechanically-crushed catalyst powders, prepared with acetone 
dispersant, before conducting the experiment: A) NiO/YSZ (60:40vol.%), B) Ni/YSZ (70:30vol.%), 

and C) Ni/YSZ (60:40vol.%)  
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A)#Ni/YSZ#50:50%vol##

B)#Ni/YSZ#40:60%vol##

C)#Ni/YSZ#30:70%vol##

 
 

Figure B. 3 SEM images of the mechanically-crushed catalyst powders prepared with acetone 
dispersant, before conducting the experiment:, A) Ni/YSZ (50:50vol.%), B) Ni/YSZ (40:60vol.%) and 

C) Ni/YSZ (30:70vol.%) 
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It can be noticed that even though all of the catalysts were prepared with the same procedure 

and all of them were crushed mechanically for 48h, in general with a decreasing volumetric 

share of Nickel, the size of the catalyst particles increases. It is resulted from the increased 

share of YSZ, which is hard ceramic material. 

 

On the other hand, when compare NiO/YSZ (60:40vol.%) catalyst before conducting the 

methane/steam experiment in Fig. B.2.A to the same catalytic material after experimentation 

in Fig. B.4.A, a significant decrease in the grains size can be observed. The same can be 

observed for the Ni/YSZ catalyst at a ratio of 60:40vol.% in Fig. B.2. C and Fig. B.4 B. This 

is explained by the first stage of the experimentation, which is the reduction process of nickel 

oxide in hydrogen flow. It is also influential in the case of Ni/YSZ catalyst, because nickel at 

high sintering temperatures is subjected to the oxidation process.  

A)#NiO/YSZ#60:40%vol#(a5er#experiment)###

B)#Ni/YSZ#60:40%vol#(a5er#experiment)###

 
 

Figure B. 4 SEM images of catalyst powders prepared with acetone dispersant, mechanically crushed, 
after conducting experiment: A) Ni/YSZ (60:40vol.%) and B) NiO/YSZ (60:40vol.%)  
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B.2 Measurement of particle size 
The assessment of the average particle size was conducted by the Free-Fall Type Dry 

Measurement (SHIMADZU SALD-DS3) for the laboratory prepared catalysts: NiO/YSZ 

(60:40vol.%) and Ni/YSZ (in various composition ratios of 70:30vol.%, 60:40vol.%, 

50:50vol.%, 40:60vol.% and 30:70vol.%). The results of the measurement are summarized in 

Table B.1 by giving the mode, median, average value and standard deviation of the particle 

diameter in the each investigated catalyst material. Each measurement was conducted three 

times and high reputability of the results can be observed. The individual probability density 

function and the cumulative probability function are presented in Fig. B.5.  

 
Table B. 1 Results of the Free-Fall Type Dry Measurement for laboratory prepared catalysts 

 

Catalyst Test 
Median 

diameter [µm] 

Mode 

diameter [µm] 

Average 

diameter [µm] 

Standard 

deviation [µm] 

NiO/YSZ 

60:40%vol 

1 0.638 0.504 0.978 0.466 

2 0.646 0.504 1.134 0.545 

3 0.63 0.628 0.829 0.39 

Ni/YSZ 

70:30%vol 

1 0.783 0.404 0.901 0.320 

2 0.798 0.404 0.915 0.321 

3 0.850 0.404 0.974 0.338 

Ni/YSZ 

60:40%vol 

1 0.667 0.628 0.737 0.263 

2 0.774 0.628 0.836 0.296 

3 0.643 0.628 0.699 0.239 

Ni/YSZ 

50:50%vol 

1 0.800 0.404 0.932 0.342 

2 0.854 0.404 0.995 0.350 

3 0.777 0.404 0.925 0.340 

Ni/YSZ 

40:60%vol 

1 0.918 0.404 1.043 0.368 

2 0.915 0.404 1.032 0.365 

3 0.909 0.404 1.064 0.379 

Ni/YSZ 

30:70%vol 

1 1.265 0.404 1.325 0.447 

2 1.181 0.404 1.291 0.430 

3 1.290 0.404 1.326 0.446 
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Figure B. 5 Size of particles - probability density function and cumulative probability function for 
catalysts: A) NiO/YSZ at the ratio of 60:40vol.%, B) Ni/YSZ at the ratio of 70:30vol.%, C) Ni/YSZ at 
the ratio of 60:40vol.%, D) Ni/YSZ at the ratio of 50:50vol.%, E) Ni/YSZ at the ratio of 40:60vol.% 

and  F) Ni/YSZ at the ratio of 30:70vol.% 
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A comparison of the average particle size and particle medians for the laboratory prepared 

catalytic materials are presented in Fig. B.6. The observation from Appendix B.1 is proven 

with a decreasing share of nickel, the particles increased their size. An increasing amount of 

ceramic compound decreases the grindability of the final material. 

 

As is seen in Fig. B.6A, the NiO/YSZ (at the composition ratio of 60:40vol.%) catalyst is 

characterized by the smallest reputability of the measured result – it can be explained by the 

probability density function (in Fig. B.5A) which is a composition of two normal 

distributions.  
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Figure B. 6 A) Average size of particles and B) Median of the size of the particles for laboratory 
prepared catalysts 
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Appendix C: Derivation of methane 
steam kinetic using the basic 
methodologies 

This appendix presents detailed results of the numerical investigations, which were not 

included in the main discussion of this dissertation. The presented studies were conducted for 

the NiO/YSZ catalyst at the ration of 60:40vol.% prepared with ethanol dispersant. 

 

Section C.1 presents the results of the application of the standard method. Figures C.1 and C.2 

presents the results of the investigation of the reaction kinetic by the standard method. The 

presented results include experimentation at the reaction temperatures of 550 oC (A and E), 

575 oC (B and F), 650 oC (C and G) and 700 oC (D and H). 

 

The increasing deviation of the partial pressure with the increasing temperature of the 

conducted experiment can be observed in Fig. C.2. The errors are bigger in the case of the 

partial pressure of steam, what can be caused by both factors: the increased conversion of 

methane which changes the final partial pressures and the instability of the catalyst and nickel 

coursing phenomena occurring at the higher test temperature. 

 

Section C.2 focuses on the analysis conducted by the application of the modified method. 

Firstly, Fig. C.3 presents the results of the modified method with applied measurements 

conducted in modified experimental conditions (Series 3 in Table 4.5). Approximations are 

given for measurements at temperatures of A) 500 oC B) 525 oC C) 550 oC D) 575 oC E) 625 

oC F) 650 oC G) 675 oC and H) 700 oC. Next, the analysed results of the measurements in 

standard experimental conditions (Series 1 and 2 in Table 4.5) are presented in Figs. C.4 and 

C.5. Figures C.4 and C.5 include analysis in temperatures 550oC, 575oC and 650oC. 
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C.1 Results of the standard method 

A)#

B)#

C)#

D)#

E)#

F)#

G)#

H)#

b=0.24#

b=0.20#

b=0.15#

b=0.24#

a=0.31#

a=0.39#

a=0.35#

a=0.34#

pCH4=const#
T=550oC#

pCH4=const#
T=575oC#

pCH4=const#
T=650oC#

pCH4=const#
T=700oC#

pH2O=const#
T=550oC#

pH2O=const#
T=575oC#

pH2O=const#
T=650oC#

pH2O=const#
T=700oC#

 
 

Figure C. 1 Approximation of the reaction orders by the standard approach A)-D) parameter a and E)-
H) parameter b in temperature 550oC (A, E), 575oC (B, F), 650oC (C, G) and 700oC (D, H) 
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A)#

B)#

C)#

D)#

E)#

F)#

G)#

H)#

pCH4=const#
T=550oC#

pCH4=const#
T=575oC#

pCH4=const#
T=650oC#

pCH4=const#
T=700oC#

pH2O=const#
T=550oC#

pH2O=const#
T=575oC#

pH2O=const#
T=650oC#

pH2O=const#
T=700oC#

!
!

Figure C. 2 Correlation between partial pressures of methane and water at temperatures 550oC (A and 
E), 575oC (B and F), 650oC (C and G) and 700oC (D and H) for measurements A)-D) at the constant 

flow rate of steam and E)-H) at the constant flow rate of methane  
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C.2 Results of the modified method 

A)#T=500oC#

C)"T=550oC#

E)"T=625oC#

G)"T=675oC#

B)#T=525oC#

D)#T=575oC#

F)#T=650oC#

H)"T=700oC#

amin=0.35;"bmin=0.13:"RSDk=0.016" amin=0.36;"bmin=0.19:"RSDk=0.009"

amin=0.34;"bmin=0.22:"RSDk=0.010" amin=0.35;"bmin=0.23:"RSDk=0.010"

amin=0.38;"bmin=0.23:"RSDk=0.011" amin=0.43;"bmin=0.24:"RSDk=0.012"

amin=0.48;"bmin=0.21:"RSDk=0.020" amin=0.47;"bmin=0.21:"RSDk=0.033"

!
!

Figure C. 3 Approximation of the reactions orders using the modified approach with modified 
experimental data at temperatures A) 500 oC B) 525 oC C) 550 oC D) 575 oC E) 625 oC F) 650 oC G) 

675 oC and H) 700 oC!
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!
!
!

A)#
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C)#

D)#
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F)#

b=0.26#

b=0.22#

b=0.25#

a=0.35#

a=0.45#

a=0.42#

pCH4=const#
T=550oC#

pCH4=const#
T=575oC#

pCH4=const#
T=650oC#

pH2O=const#
T=550oC#

pH2O=const#
T=575oC#

pH2O=const#
T=650oC#

!
!

Figure C. 4 Approximation of reaction orders using the modified approach with standard 
experimental data at a constant flow rate of steam (A-C) and at a constant flow rate of methane (D-F) 

for the analysis in temperature 550oC (A and D),  575oC (B and E) and 650oC (C and F), 
!

!
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!
!

A)#

B)#
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b=0.25#

a=0.35#

a=0.45#

a=0.42#
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a=0.41#b=29#

a=0.41#b=31#

a=0.57#b=32# !
!

Figure C. 5 Influence of the unstable partial pressure of methane for the approximation of reaction 
orders by the modified approach with standard experimental data at temperatures A) 550oC B) 575oC 

and C) 650oC 
!

!


